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Chapter 1

Algebraic sets

1.1 Polynomial equations

Let k be a �eld.

De�nition 1.1. The a�ne space of dimension n is the set kn.

De�nition 1.2. An algebraic subset of kn is a subset V ⊆ kn for which there exists a subset
A ⊆ k[x1, . . . , xn] such that

V = {x ∈ kn | ∀P ∈ A : P (x) = 0}.

Notation: V = Vkn(A).

Remark 1.3. If A ⊆ k[x1, . . . , xn] is a subset and I is the ideal generated by A, then

V(A) = V(I).

De�nition 1.4. Let Z ⊆ kn be a subset. De�ne the ideal in k[x1, . . . , xn]

I(Z) := {P ∈ k[x1, . . . , xn] | ∀x ∈ Z : P (x) = 0}.

Remark 1.5. Since k[x1, . . . , xn] is a Noetherian ring, all ideals are �nitely generated. For
I ⊆ k[x1, . . . , xn] there exist polynomials P1, . . . , Pm ∈ k[x1, . . . , xn] such that I = (P1, . . . , Pm)
and

V(I) = V(P1, . . . , Pm) = V(P1) ∩ . . . ∩ V(Pm).

y = x2 − 4x+ 5

Figure 1.1: parabola
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4 CHAPTER 1. ALGEBRAIC SETS

y2 = (x+ 1)x2

Figure 1.2: nodal cubic

Thus all algebraic subsets of kn are intersections of hypersurfaces.

Proposition 1.6. The maps

I : {subsets of kn} −→ {ideals in k[x1, . . . , xn]}

and
V : {ideals in k[x1, . . . , xn]} −→ {subsets of kn}

satisfy the following properties

(i) Z1 ⊆ Z2 =⇒ I(Z1) ⊇ I(Z2)

(ii) I1 ⊆ I2 =⇒ V(I1) ⊇ V(I2)

(iii) I(Z1 ∪ Z2) = I(Z1) ∩ I(Z2)

(iv) I(V(I)) ⊇ I

(v) V(I(Z)) ⊇ Z with equality if and only if Z is an algebraic set.

Proof. Calculation.

Lemma 1.7. Let I, J ⊆ k[x1, . . . , xn] be ideals. Then

V(I) ∪ V(J) = V(IJ)

where IJ is the ideal generated by the products PQ, where P ∈ I and Q ∈ J .

Lemma 1.8. Let Ij ∈ k[x1, . . . , xn] be ideals. Then

⋂
j∈J
V(Ij) = V

⋃
j∈J

Ij

 .
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1.2 The Zariski topology

The algebraic subsets of kn can be used to de�ne a topology on kn.

Proposition 1.9. The algebraic subsets of kn are exactly the closed sets of a topology on kn.

Proof. ∅ = V(1) and kn = V(0). The rest follows from 1.7 and 1.8.

De�nition 1.10. The topology on kn where the closed sets are exactly the algebraic subsets of
kn, is called the Zariski topology.

Lemma 1.11. (i) Let Z ⊆ kn be a subset. Then

Z = V(I(Z)).

(ii) Let Z ⊆ kn be a subset. Then √
I(Z) = I(Z).

(iii) Let I ⊆ k[x1, . . . , xn] be an ideal. Then

V(I) = V(
√
I).

Proof. (i) Let V = V(I) be a Zariski-closed set such that Z ⊆ V . Then I(Z) ⊇ I(V ). But
I(V ) = I(V(I)) ⊇ I, so V(I(Z)) ⊆ V(I) = V . Thus

V(I(Z)) ⊆
⋂

V closed,Z⊆V

V = Z.

Since V(I(Z)) is closed, the claim follows.

Corollary 1.12. For ideals I, J ⊆ k[x1, . . . , xn] we have

V(I) ∪ V(J) = V(IJ) = V(I ∩ J).

Proof.
√
I ∩ J =

√
IJ

Proposition 1.13. The Zariski topology turns kn into a Noetherian topological space: If (Fn)n∈N
is a decreasing sequence of closed sets, then (Fn)n∈N is stationary.

Proof. Let V1 ⊇ V2 ⊇ . . . be a decreasing sequence of closed sets. Then I(V1) ⊆ I(V2) ⊆ . . . is
an increasing sequence of ideals in k[x1, . . . , xn]. As k[x1, . . . , xn] is Noetherian, this sequence is
stationary. Thus there exists n0 ∈ N such that ∀n ≥ n0, I(Vn) = I(Vn0

). Therefore,

Vn = V(I(Vn)) = V(I(Vn0)) = Vn0

for n ≥ n0.

De�nition 1.14. Let P ∈ k[x1, . . . , xn]. The subset

Dkn(P ) := kn \ V(P )

is called a standard or principal open set of kn.

Remark 1.15. Since a Zariski-closed subset of kn is an intersection of �nitely many V(Pi), a
Zariski-open subset of kn is a union of �nitely many standard open sets. Thus the standard open
sets form a basis for the Zariski topology of kn.

Proposition 1.16. The a�ne space kn is quasi-compact in the Zariski topology.
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Proof. Let kn =
⋃
i∈J Ui where Ui is open. Since the standard opens form a basis of the Zariski

topology, we can assume Ui = D(Pi) with Pi ∈ k[x1, . . . , xn]. Then V((Pi)i∈I) =
⋂
i∈J V(Pi) = ∅.

Since k[x1, . . . , xn] is Noetherian, we can choose �nitely many generators Pi1 , . . . , Pim such that
((Pi)i∈J) = (Pi1 , . . . , Pim). Thus

m⋂
j=1

V(Pij ) = V(Pi1 , . . . , Pim) = V((Pi)i∈J) = ∅.

By passing to complements in kn, we get

m⋃
j=1

D(Pij ) = kn.

Proposition 1.17. Let P ∈ k[x1, . . . , xn] and let fP : kn → k be the associated function on kn.
Then fp is continuous with respect to the Zariski topology on kn and k.

Proof. The closed proper subsets of k are �nite subsets F = {t1, . . . , ts} ⊆ k. The pre-image of
a singleton {t} ⊆ k is

f−1
P ({t}) = {x ∈ kn | P (x)− t = 0} = V(P − t)

which is a closed subset of kn. Thus

f−1
P (F ) =

s⋃
i=1

V(P − ti)

is closed.

Proposition 1.18. If k is in�nite, I(kn) = {0}.

Proof. By induction: for n = 1, this follows because a non-zero polynomial only has a �nite
number of roots. Let n ≥ 1 and P ∈ I(kn). Thus P (x) = 0 ∀x ∈ kn. Let

P =

m∑
i=0

Pi(X1, . . . , Xn−1)X
i
n

for Pi ∈ k[X1, . . . , Xn−1]. Fix some x1, . . . , xn−1 ∈ k. Then P (x1, . . . , xn−1, y) ∈ k[y] has an
in�nite number of roots. Thus P (x1, . . . , xn−1, y) = 0 for all x2, . . . , xn by the case n = 1,
implying that Pi(x1, . . . , xn−1) = 0 for all i. Since this holds for all (x1, . . . , xn−1) ∈ kn−1,
Pi = 0 by induction for all i.

1.3 Regular functions

Lemma 1.19. If U ⊆ kn is a Zariski-open set and fP : kn → k is a polynomial function such
that for x ∈ U , fP (x) ̸= 0, then the function 1

fP
is continuous on U .

Proof. For all t ∈ k, (
1

fP

)−1

({t}) =
{
x ∈ U | 1

fP (x)
= t

}
= {x ∈ U | tfP (x)− 1 = 0}
= V(tfP − 1) ∩ U

is closed in U .
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Remark 1.20. There can be many continous functions with respect to the Zariski topology.
For instance, all bijective maps f : k → k are Zariski-continuous. In algebraic geometry, we will
consider only functions which are locally de�ned by a rational function. We will de�ne them on
open subsets of algebrai sets V ⊆ kn, endowed with the topology induced by the Zariski topology
of kn.

Remark 1.21. The open subsets of algebraic sets V ⊆ kn are exactly the locally closed subsets
of kn.

De�nition 1.22. Let X ⊆ kn be a locally closed subset of kn. A function f : X → k is called
regular at x ∈ X, if there exist an open subset x ∈ U ⊆ X and two polynomial functions
PU , QU : U → k such that for all y ∈ U , QU (y) ̸= 0 and

f(y) =
PU (y)

QU (y)
.

The function f : X → k is called regular on X if, for all x ∈ X, f is regular at x.

Example 1.23. A rational fraction P
Q ∈ k(T1, . . . , Tn) de�nes a regular function on the standard

open set D(Q).

Proposition 1.24. Let X ⊆ kn be a locally closed subset. If f : X → k is regular, then f is
continous.

Proof. Since continuity is a local property, we may assume X = Ω ⊆ kn open and f = P
Q for

polynomial functions P,Q : Ω → k such that Q(y) ̸= 0. By 1.19 it su�ces to prove that if
P,R : Ω→ k are continuous, then PR : Ω→ k, z 7→ P (z)R(z) is continuous. Let t ∈ k. Then

(PR)−1({t}) = {z ∈ Ω | P (z)R(z)− t = 0}
= V(PR− t) ∩ Ω

is closed in Ω.

Remark 1.25. Being a regular function is a local property.

Proposition 1.26. Let X ⊆ kn be a locally closed subset of kn, endowed with the induced
topology. The map

OX : {open sets of X} −→ k − algebras

U 7−→ {regular functions on U}

de�nes a sheaf of sheaf of k-algebras on X, which is a subsheaf of the sheaf of functions.

Proof. Constants, sums and products of regular functions are regular, thus OX(U) is a sub
algebra of the k-algebra of functions U → k. Since restricting a function preserves regularity,
OX is a presheaf. Since being regular is a local property and the presheaf of functions is a sheaf,
OX is also a sheaf.
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x2 − y2 = 0

Figure 1.3: Reducible connected algebraic set

1.4 Irreducibility

De�nition 1.27. Let X be a topological space. X is

(i) irreducible if X ̸= ∅ and X is not the union of two proper closed subets, i.e. for X = F1∪F2

with F1, F2 ⊆ X closed, we have X = F1 or X = F2.

(ii) connected if X is not the union of two disjoint proper closed subets, i.e. for X = F1 ∪ F2

with F1, F2 ⊆ X closed and F1 ∩ F2 = ∅, we have X = F1 or X = F2.

A space X which is not irreducible, is called reducible.

Lemma 1.28. If k is in�nite, k is irreducible in the Zariski topology.

Proof. Closed subsets of k are k and �nite subsets of k.

Remark 1.29. If k is �nite, kn is the �nite union of its points, which are closed, so kn is
reducible.

Remark 1.30. X irreducible =⇒ X connected, but the converse is false: Let k be in�nite
and consider X = Vk2(x2 − y2) (see �gure 1.3). Since x2 − y2 = (x − y)(x + y) = 0 in k if and
only if x = −y or x = y, we have X = Vk2(x − y) ∪ Vk2(x + y). Thus X is reducible. But
Vk2(x− y) and Vk2(x+ y) are homeomorphic to k, in particular irreducible and thus connected.
Since Vk2x− y ∩ Vk2(x+ y) ̸= ∅, X is connected.

Proposition 1.31. Let X be a non-empty topological space. The following conditions are
equivalent:

(i) X is irreducible

(ii) If U1 ∩ U2 = ∅ with U1, U2 open subsets of X, then U1 = ∅ or U2 = ∅.

(iii) If U ⊆ X is open and non-empty, then U is dense in X.

Proof. Left as an exercise to the reader.

Proposition 1.32. Let X be a topological space and V ⊆ X. Then V is irreducible if and only
if V is irreducible.
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Proof. Since ∅ is closed in X, we have V = ∅ ⇐⇒ V = ∅.
(⇒) Let V ⊆ Z1 ∪ Z2 with Z1, Z2 ⊆ X closed. Then V ⊆ Z1 ∪ Z2 and by irreducibility of V

we may assume V ⊆ Z1. Since Z1 is closed, it follows V ⊆ Z1.

(⇐) Let V ⊆ Z1 ∪ Z2 with Z1, Z2 ⊆ X closed. Since Z1 ∪ Z2 is closed, we get V ⊆ Z1 ∪ Z2.
By irreducibility of V we may assume V ⊆ Z1, thus V ⊆ Z1.

Corollary 1.33. Let X be an irreducible topological space. Then every non-empty open subset
U ⊆ X is irreducible.

Proof. By 1.31, U = X and thus irreducible. The claim follows now from 1.32.

Lemma 1.34 (prime avoidance). Let p be a prime ideal in a commutative ring A. If I, J ⊆ A
are ideals such that IJ ⊆ p, then I ⊆ p or J ⊆ p.

Proof. Assume that I ̸⊂ p and J ̸⊂ p. Then there exist a ∈ I, such that a ̸∈ p and b ∈ J such
that b ̸∈ p. But ab ∈ IJ ⊆ p. Since p is prime, this implies a ∈ p or b ∈ p. Contradiction.

Theorem 1.35. Let V ⊆ kn be an algebraic set. Then V is irreducible in the Zariski topology
if and only if I(V ) is a prime ideal in k[T1, . . . , Tn].

Proof. (⇒) Since V ̸= ∅, I(V ) ⊊ k[T1, . . . , Tn]. Let P,Q ∈ k[T1, . . . , Tn] such that PQ ∈ I(V ).
For x ∈ V , (PQ)(x) = 0 in k, hence P (x) = 0 or Q(x) = 0. Thus x ∈ V(P ) ∪ V(Q). Therefore
V = (V(P )∩ V )∪ (V(Q)∩ V ) is the union of two closed subsets. Since V is irreducible, we may
assume V = V(P ) ∩ V ⊆ V(P ), hence P ∈ I(V ) and I(V ) is prime.

(⇐) V ̸= ∅, since I(V ) is a proper ideal. Let V = V1 ∪ V2 with V1, V2 closed in V . Then

I(V ) = I(V1 ∪ V2) = I(V1) ∩ I(V2) ⊇ I(V1)I(V2).

By 1.34, we may assume I(V1) ⊆ I(V ). But then

V1 = V(I(V1)) ⊇ V(I(V )) = V

since V1 and V are closed. Therefore V = V1 and V is irreducible.

Corollary 1.36. If k is in�nite, the a�ne space kn is irreducible with respect to the Zariski
topology.

Proof. Since k is in�nite, I(kn) = (0) by 1.18 which is a prime ideal in the integral domain
k[T1, . . . , Tn].

Theorem 1.37. Let V ⊆ kn be an algebraic set. Then there exists a decomposition

V = V1 ∪ . . . ∪ Vr

such that

(i) Vi is a closed irreducible subset of kn for all i.

(ii) Vi ̸⊂ Vj for all i ̸= j.

This decomposition is unique up to permutations.

De�nition 1.38. For an algebraic set V ⊆ kn, the Vi's in the decomposition in 1.37 are called
the irreducible components of V .
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Proof of 1.37. Existence: Let A be the set of algebraic sets V ⊆ kn that admit no �nite
decomposition into a union of closed irreducible subsets. Assume A ̸= ∅. By noetherianity
of kn, there exists a minimal element V ∈ A. In particular V is not irreducible, so V = V1 ∪ V2
with V1, V2 ⊊ V . By minimality of V , V1, V2 ̸∈ A, thus they admit a �nite decomposition into
a union of closed irreducible subsets. Since V = V1 ∪ V2, the same holds for V . Contradiction.
Removing the V ′

i s for which Vi ⊆ Vj for some j, we may assume that Vi ̸⊂ Vj for i ̸= j.
Uniqueness: Assume that V = V1 ∪ . . . ∪ Vr and V =W1 ∪ . . . ∪Ws are decompositions that

satis�y (i) and (ii). Then

W1 =W1 ∩ V = (W1 ∩ V1) ∪ . . . ∪ (W1 ∩ Vr).

Since W1 is irreducible and W1 ∩Vi is closed in W1, there exists j such that W1 =W1 ∩Vj ⊆ Vj .
Likewise, there exists k such that Vj ⊆ Wk. Hence W1 ⊆ Wk, which forces k = 1 (because for
k ̸= 1, we have W1 ⊊Wk). ThusW1 = Vj and we can repeat the procedure withW2∪ . . .∪Ws =⋃
i ̸=j Vi.

Corollary 1.39. Let V ⊆ kn be an algebraic set and denote by V1, . . . , Vr the irreducible
components of V . Let W ⊆ V be an irreducible subset. Then W ⊆ Vi for some i.

Proof. We have

W =W ∩ V =

r⋃
i=1

W ∩ Vi︸ ︷︷ ︸
closed in W

.

Since W is irreducible, there exists an i such that W =W ∩ Vi ⊆ Vi.

Remark 1.40. (i) The i in 1.39 is not unique in general. Consider

V = {x2 − y2 = 0} = {x− y = 0} ∪ {x+ y = 0}.

The closed irreducible subset {(0, 0)} lies in the intersection of the irreducible components
of V .

(ii) In view of the corollary 1.39, theorem 1.37 implies that an algebraic set V ⊆ kn has a
unique minimal decomposition into a union of closed irreducible subsets.

Corollary 1.41. Let V ⊆ kn be an algebraic set. The irreducible components of V are exactly
the maximal closed irreducible subsets of V . In terms of ideals in k[T1, . . . , Tn], a closed subset
W ⊆ V is an irreducible component of V , if and only if the ideal I(W ) is a prime ideal which is
minimal among those containing I(V ).

Proof. A closed irreducible subset W ⊆ V is contained in an irreducible component Vj ⊆ V by
1.39. If W is maximal, then W = Vj .

Conversely, if Vj is an irreducible component of V and Vj ⊆ W for some irreducible and
closed subset W ⊆ V , again by 1.39 we have W ⊆ Vi for some i, therefore Vj ⊆ Vi which implies
i = j and Vj =W .

Proposition 1.42 (Identity theorem for regular functions). Let X ⊆ kn be an irreducible
algebraic set and let U ⊆ X be open. Let f, g ∈ OX(U) be regular functions on U . If there
is a non-empty open set U ′ ⊆ U such that f |U ′ = g|U ′ , then f = g on U .

Proof. The set Y = VU (f − g) is closed in U and contains U ′. Thus the closure U ′(U)
of U ′ in

U is also contained in Y . By 1.33 U is irreducible, so U ′ is dense in U . Therefore Y = U .

Example 1.43. If k is in�nite and P ∈ k[T1, . . . , Tn] is zero outside an algebraic set V ⊆ kn,
then P = 0 on kn.
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1.5 Plane algebraic curves

Theorem 1.44. If f ∈ k[x, y] is an irreducible polynomial such that V(f) is in�nite, then
I(V(f)) = (f). In particular, V(f) is irreducible in this case.

Remark 1.45. (i) If k is algebraically closed and n ≥ 2, then for all f ∈ k[x1, . . . , xn] non-
constant, the zero set V(f) is necessarily in�nite.

(ii) The assumption V(f) in�nite is necessary for the conclusion of 1.44 to hold: The polynomial

f(x, y) = (x2 − 1)2 + y2

is irreducible because, as a polynomial in y, it is monic and does not have a root in R[x]
(for otherwise there would be a polynomial P (x) ∈ R[x] such that P (x)2 = −(x2 − 1)2)
and the zero set of f is

V(f) = {(1, 0)} ∪ {(−1, 0)},
which is reducible.

(iii) 1.44 does not hold in this form for hypersurfaces of kn for n ≥ 3. For instance, the
polynomial

f(x, y, z) = x2y2 + z4 ∈ R[x, y, z]
is irreducible and the hypersurface

V(f) = {(0, y, 0) : y ∈ R} ∪ {(x, 0, 0) : x ∈ R}

is in�nite. However, the function

P : (x, y, z) 7→ xy

belongs to I(V(f)) but not to (f). Moreover, P ∈ I(V(f)) but neither x nor y are in
I(V(f)), so this ideal is not prime.

(iv) Take f(x, y) = (x − a)2 + y2 ∈ R[x, y] which is irreducible. Then V(f) = {(a, 0)} is
irreducible, and I(V(f)) = (x − a, y) ⊋ (f). In particular, (f) is a non-maximal prime
ideal.

We need a special case of the famous Bézout theorem, for which we need a result from algebra.
For an integral domain R denote by Q(R) its fraction �eld. If R is a factorial ring then q ∈ R[T ]
is called primitve if it is non-constant and its coe�cients are coprime in R.

Proposition 1.46 (Gauÿ). Let R be a factorial ring. Then R[T ] is also factorial. A polynomial
q ∈ R[T ] is prime in R[T ] if and only if

(i) q ∈ R and q is prime in R, or

(ii) q is primitve in R[T ] and prime in Q(R)[T ]

Proof. Any algebra textbook.

Proposition 1.47. Let R be a factorial ring and f, g ∈ R[X] coprime. Then f and g are coprime
in Q(R)[X].

Proof. Let h = a
b ∈ Q(R)[X] be a common irreducible factor of f and g with a ∈ R[X] and

b ∈ R \ 0. By Gauÿ R[X] is factorial, thus we may assume a irreducible. Then

f

1
=
p1
q1

a

b
and

g

1
=
p2
q2

a

b

for some p1, p2 ∈ R[X] and q1, q2 ∈ R \ 0. So p1a = fq1b and p2a = gq2b. a neither divides q1,
q2 nor b, for otherwise a ∈ R \ 0 by the degree formula for polynomials and h is a unit. Since a
divides fq1b and gq2b and, since R[X] is factorial, a is prime in R[X] and thus a | f and a | g.
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Lemma 1.48 (Special case of Bézout). Let f, g ∈ k[x, y] be two polynomials without common
factors in k[x, y]. Then the set V(f) ∩ V(g) is �nite.

Proof. Since k(x)[y] is a principal ideal domain, 1.47 implies (f, g) = k(x)[y], hence the existence
of A(x, y), B(x, y),M(x), N(x) such that

f(x, y)A(x, y) + g(x, y)B(x, y) =M(x)N(x)︸ ︷︷ ︸
=:D(x)

with D(x) ∈ k[x]. Since a common zero (x, y) of f and g gives a zero of D, and D has �nitely
many zeros, there are only �nitely many x such that (x, y) is a zero of both f and g. But, for
�xed x ∈ k, the polynomial

y 7→ f(x, y)− g(x, y)

has only �nitely many zeros in k. So V(f) ∩ V(g) is �nite.

Proof of 1.44. Let f ∈ k[x, y] be irreducible such that V(f) ⊆ k2 is in�nite. Since f ∈ I(V(f)),
it su�ces to show that I(V(f)) ⊆ (f). Let g ∈ I(V(f)). Then V(f) ⊆ V(g). Thus

V(f) ∩ V(g) = V(f)

which is in�nite by assumption. Thus by 1.48, f and g have a common factor. Since f is
irreducible, this implies that f | g, i.e. g ∈ (f).

We can use 1.44 to �nd the irreducible components of a hypersurface V(P ) ⊆ k2.

Corollary 1.49. Let P ∈ k[x, y] be non-constant and P = uPn1
1 · · ·Pnr

r be the decomposition
into irreducible factors. If each V(Pi) is in�nite, then the algebraic sets V(Pi) are the irreducible
components of V(P ).

Proof. Note that

V(P ) = V(Pn1
1 · · ·Pnr

r ) = V(P1) ∪ . . . ∪ V(Pr).

Since Pi is irreducible and V(Pi) is in�nite for all i, by 1.44 V(Pi) is irreducible and for i ̸= j
V(Pi) ̸⊂ V(Pj), for otherwise

(Pi) = I(V(Pi)) ⊃ I(V(Pj)) = (Pj)

which is impossible for distinct irreducible elements Pi, Pj .

Example 1.50 (Real plane cubics). Let P (x, y) = y2 − f(x) with degxf = 3 in k[x]. Since
degyP ≥ 1 and the leading coe�cient of P is 1, the polynomial P is primitive in k[x][y]. It is
reducible in k(x)[y] if and only if there exists a(x), b(x) ∈ k(x) such that (y− a)(y− b) = y2− f ,
i.e. b = −a and f = a2 in k(x), therefore also in k[x]. Since degxf = 3, this cannot happen. So,
P is irreducible by 1.46.

Moreover, when k = R, the cubic polynomial f(x) takes on an in�nite number of positive
values, so V(y2 − f(x)) = V(P ) is in�nite. In conclusion, real cubics of the form y2 − f(x) = 0
are irreducible algebraic sets in R2 by 1.44.

Proposition 1.51. Let k be an algebraically closed �eld and let P ∈ k[T1, . . . , Tn] be a non-
constant polynomial with n ≥ 2. Then V(P ) is in�nite.

Proof. Since P is non-constant, we may assume that degx1
P ≥ 1. Write

P (T1, . . . , Tn) =

d∑
i=1

gi(T2, . . . , Tn)T
i
1,
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y2 = x3

Figure 1.4: the cuspidal cubic

y2 = x2(x+ 1)

Figure 1.5: the nodal cubic

y2 = x(x2 + 1) y2 = x(x2 − 1)

Figure 1.6: the smooth cubics: the second curve demonstrates that the notion of connectedness
in the Zariski topologoy of R2 is very di�erent from the one in the usual topology of R2.
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with d ≥ 1 and gd ̸= 0. Then Dkn−1(gd) is in�nite: Since gd ̸= 0 and k in�nite, it is non-empty.
Thus let (a2, . . . , an) ∈ kn−1 such that gd(a) ̸= 0. Then gd(ta) = gd(ta2, . . . , tan) ∈ k[t] is
a non-zero polynomial and thus has only �nitely many zeros in k. In particular Dkn−1(gd) is
in�nite.

For (a2, . . . , an−1) ∈ Dkn−1(gd), P (T1, a2, . . . , an) ∈ k[T1] is non-constant and thus has a root
a1 in the algebraically closed �eld k. Hence (a1, . . . , an) ∈ V(P ).

We �nally give a complete classi�cation of irreducible algebraic sets in the a�ne plane k2 for
an in�nite �eld k.

Proposition 1.52. Let k be an in�nite �eld. Then the irreducible algebraic subsets of k2 are:

(i) the whole a�ne plane k2

(ii) single points {(a, b)} ⊆ k2

(iii) in�nite algebraic sets de�ned by an irreducible polynomial f ∈ k[x, y].

Proof. Let V ⊆ k2 be an irreducible algebraic subset of the a�ne plane. If V is �nite, it reduces
to a point. So we may assume V in�nite. If I(V ) = (0), then V = k2. Otherwise, there is a
non-constant polynomial P ∈ k[x, y] such that P vanishes on V . Since V is irreducible, I(V ) is
prime, so it contains an irreducible factor f of P . Let g ∈ I(V ). Then V ⊆ V(f) ∩ V(g), but
since V is in�nite, f and g must have a common factor. By irreducibility of f , it follows f | g,
i.e. g ∈ (f). Hence I(V ) = (f) and V = V(f).

1.6 Prime ideals in k[x, y]

Proposition 1.53. Let A be a principal ideal domain. Let p ⊆ A[X] be a prime ideal. Then p
satis�es exactly one of the following three mutually exclusive possibilities:

(i) p = (0)

(ii) p = (f), where f ∈ A[X] is irreducible

(iii) p = (a, q), where a ∈ A is irreducible and q ∈ A[X] such that its reduction modulo aA is
an irreducible element in A/aA[X]. In this case, p is a maximal ideal.

Proof. Let p ⊆ A[X] be a prime ideal. If p is principal, then p = (f) for some f ∈ A[X]. If
f = 0, we are done. Otherwise, since A[X] is factorial by Gauÿ and p is prime, f is irreducible.

Let now p not be principal. Then there exist f, g ∈ p without common factors in A[X]. By
1.47, they also have no common factors in the principal ideal domain Q(A)[X], so Mf +Ng = 1
for some M,N ∈ Q(A)[X]. By multiplying with the denominators, we obtain Pf + Qg = b for
some b ∈ A and P,Q ∈ A[X]. So b ∈ (f, g) ⊆ p, thus there is an irreducible factor a of b in A
such that a ∈ p. Moreover, aA[X] ⊊ p since p is not principal. Now consider the prime ideal

p/aA[X] ⊂ A[X]/aA[X] ≃ (A/aA) [X].

Since A is a PID and a is irreducible, A/aA is a �eld and (A/aA)[X] a PID. So p/aA[X]
is generated by an irreducible element q ∈ (A/aA)[X] for some q ∈ A[X]. Thus p = (a, q).
Moreover

A[X]⧸p ≃
(
A⧸aA

)
[X]⧸(p⧸aA) [X] =

(
A⧸aA

)
[X]⧸

q
(
A⧸aA

)
[X]

which is a �eld since
(
A⧸aA

)
[X] is a PID. So p is maximal in A[X].
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Using 1.53 we can give a simple proof for the classi�cation of maximal ideals of k[T1, . . . , Tn]
when k is algebraically closed and n = 2.

Corollary 1.54. If k is algebraically closed, a maximal ideal m of k[x, y] is of the form m =
(x− a, y − b) with (a, b) ∈ k2. In particular, principal ideals are never maximal.

Proof. Since m is maximal, it is prime and m ̸= (0). By 1.53, m = (P, f) with P ∈ k[x] irreducible
and f ∈ k[x, y] such that its image f in (k[x]/(P ))[y] is irreducible or m = (f) for f ∈ k[x, y]
irreducible.

(1) m = (P, f). Since k is algebraically closed and P ∈ k[x] is irreducible, P = x− a for some
a ∈ k.

k[x]/(P ) = k[x]/(x− a) ≃ k.

Since f ∈ k[y] is also irreducible, f = y − b for some b ∈ k.

(2) m = (f). Since k = k, V(f) is in�nite, in particular V(f) ̸= ∅. Then if (a, b) ∈ V(f),

(x− a, y − b) = I({(a, b)}) ⊃ I(V(f)) ⊃ (f).

Since (f) is maximal, it follows that (f) = (x − a, y − b), which is impossible since x − a
and y − b habe no common factors in k[x, y].

Remark 1.55. The ideal (x2 + 1, y) is maximal in R[x, y] and is not of the form (x− a, y − b)
for (a, b) ∈ R2. Indeed,

R[x, y]⧸(x2 + 1, y) ≃
(R[y]/yR[y]) [x]⧸(x2 + 1) ≃ R[x]/(x2 + 1) ≃ C.

Proposition 1.56. Let k be an algebraically closed �eld. Then the maps V 7→ I(V ) and I 7→
V(I) induce a bijection

{irreducible algebraic subsets of k2} ←→ {prime ideals in k[x, y]}

through wich we have correspondences

points (a, b) ∈ k2 ←→ maximal ideals (x− a, y − b) in k[x, y]
proper, in�nite, irreducible algebraic sets←→ prime ideals (f) ⊆ k[x, y] with f irreducible

k2 ←→ (0).

Proof. Let V ⊆ k2 be an irreducible algebraic set. By 1.52 we can distinguish the following cases:

(i) If V = k2, then I(V ) = (0) since k is in�nite and I(V(0)) = (0).

(ii) If V = {(a, b)}, then I(V ) ⊃ (x − a, y − b) =: m. Since m is maximal, I(V ) = m. Since
V = V(m), this also shows I(V(m)) = m.

(iii) If V = V(f) where f ∈ k[x, y] is irreducible, then by 1.44 I(V(f)) = (f).

So, every irreducible algebraic set V ⊆ k2 is of the form V(p) for some prime ideal p ⊆ k[x, y].
Moreover,

I(V(p)) = p.

Let now p be a prime ideal in k[x, y]. By 1.53 we can dinstiguish the following cases:

(i) p = (0): Then V(p) = k2 and since k is in�nite, k2 is irreducible.



16 CHAPTER 1. ALGEBRAIC SETS

(ii) p maximal: Then by 1.54, p = (x − a, y − b) for some (a, b) ∈ k2. So V(m) = {(a, b)} is
irreducible.

(iii) p = (f) with f ∈ k[x, y] irreducible. Since k = k, V(f) is in�nite and hence by 1.44
irreducible.

Thus the maps in the proposition are well-de�ned, mutually inverse and induce the stated
correspondences.

Corollary 1.57. Assume that k is algebraically closed and let p ⊆ k[x, y] be a prime ideal. Then

p =
⋂

m maximal,m⊃p

m.

Proof. If p is maximal, there is nothing to prove. If p = (0), p is contained in (x − a, y − b) for
(a, b) ∈ k2. Since k is in�nite, the intersection of these ideals is (0). Otherwise, by 1.56, p = (f)
for some f ∈ k[x, y] irreducible. Then, since k = k, V(f) is in�nite and with 1.44:

p = (f) = I(V(f)) = I

 ⋃
(a,b)∈V(f)

{(a, b)}

 ⊃ ⋂
(a,b)∈V(f)

I({(a, b)}) ⊃ (f) = p.

By 1.56, the ideals I({(a, b)}) for (a, b) ∈ V(f) are exactly the maximal ideals containing (f) =
p.

Corollary 1.58. Let p ⊆ k[x, y] be a non-principal prime ideal. Then V(p) ⊆ k2 is �nite.

Proof. Since p is not principal, there exist f, g ∈ p without common factors. Since (f, g) ⊂ p, we
have

V(f) ∩ V(g) = V(f, g) ⊃ V(p)

and the left hand side is �nite by 1.48.

1.7 The tangent cone and the Zariski tangent space

1.7.1 The tangent cone at a point

Let X ⊆ kn be a non-empty Zariski-closed subset.
Let P ∈ k[T1, . . . , Tn] be a polynomial. For all x ∈ kn, we have a Taylor expansion at x: For

all h ∈ kn:

P (x+ h) = P (x) + P ′(x)h+
1

2
P ′′(x)(h, h) + . . .︸︷︷︸

�nite number of terms

=

∞∑
d=0

1

d!
P (d)(x)(h, . . . , h︸ ︷︷ ︸

d times

).

Remark 1.59. The term 1
d!P

(d)(x) is a homogeneous polynomial of degree d in the coordinates
of h = (h1, . . . , hn):

P (d)(x)(h, . . . , h) =
∑

α∈Nn
0 ,|α|=d

d!

α1! · · ·αn!
∂|α|

∂Tα1
1 · · · ∂T

αn
n

P (x)hα1
1 · · ·hαn

n .

Also, when x = 0kn and if we write

P = P (0) +

∞∑
d=1

Qd
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with Qd homogeneous of degree d, then for all h = (h1, . . . , hn) ∈ kn, we have

1

d!
P (d)(0) · (h, . . . , h) = Qd(h1, . . . , hn).

For all P ∈ I(X) \ {0}, we denote by P ∗
x the initial term in the Taylor expansion of P at x, i.e.

the term 1
d!P

(d)(x) · (h, . . . , h) for the smallest d ≥ 1 such that this is not zero. If P = 0, we put
P ∗
x := 0.

De�nition 1.60. We set I(X)∗x to be the ideal generated by P ∗
x for all P ∈ I(X).

Remark 1.61. The ideal I(X)∗ is �nitely generated. However, if I(X) = (P1, . . . , Pm), it is
not true in general that I(X)∗x = ((P1)

∗
x, . . . , (Pm)∗x). We may need to add the initial terms at x

of some other polynomials of the form
∑m
k=1 PkQk ∈ I(X).

If I(X) = (P ) is principal though, we have I(X)∗x = (P ∗
x ).

De�nition 1.62. The tangent cone to X at x is the a�ne algebraic set

C(X)
x := x+ Vkn(I(X)∗x) = {x+ h : h ∈ Vkn(I(X)∗x)}.

Remark 1.63. The algebraic set Cx(X) is a cone at x: It contains x and for all x+ h ∈ Cx(X)
for some h ∈ Vkn(I(X)∗x), we have for all λ ∈ k×, λh ∈ Vkn(I(X)∗x), i.e. x+ λh ∈ Cx(X).

Indeed, P ∗
x ∈ I(X)∗x is either zero or a homogeneous polynomial of degree r ≥ 1. Thus for

h ∈ kn and λ ∈ k×: P ∗
x (λh) = λrP ∗

x (h) which is 0 if and only if P ∗
x (h) = 0.

Example 1.64. Let k be an in�nite �eld and let P ∈ k[x, y] be an irreducible polynomial such
that X := V(P ) is in�nite. Then we know that I(X) = (P ). Then we can determine CX(X) by
computing the successive derviatives of P at x: In this case I(X)∗x = (P ∗

x ). For convenience wie
will mostly consider examples for which x = 0k2 .

(i) P (x, y) = y2 − x3. Then P ∗
(0,0) = y2, so the tangent cone at (0, 0) is the algebraic set

C(0,0)(X) = {(x, y) ∈ k2 | y2 = 0}.

y2 − x3 = 0

y2 = 0

y = 3
2x−

1
2

Figure 1.7: The green line is the tangent cone at (0, 0) and the blue line the tangent cone at
(1, 1).

Note that P ∗
(1,1)(h1, h2) = 2h2 − 3h1, so the tangent cone at (1, 1) is

C(1,1)(X) = {(1 + h1, 1 + h2) | 2h2 − 3h1 = 0}

=

{
(x, y) ∈ k2 | y =

3

2
x− 1

2

}
.
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(ii) P (x, y) = y2 − x2(x+ 1). Then P ∗
(0,0) = y2 − x2 so

C(0,0)(X) = {y2 − x2 = 0}

which is a union of two lines.

y2 = x2(x+ 1)

y2 − x2 = 0

Figure 1.8: The green line is the tangent cone at (0, 0).

In contrast, P ∗
(1,1)(h1, h2) = 2h2 − 5h1 so

C(1,1)(X) =

{
(x, y) ∈ k2 | y =

5

2
x− 3

2

}
,

which is just one line. Evidently this is related to the origin being a �node� of the curve of
equation y2 − x2(x+ 1) = 0.

Remark 1.65. (i) The tangent cone Cx(X) represents all directions coming out of x along
which the initial term P ∗

x vanishes, for all P ∈ I(X). In that sense, it is the least
complicated approximation to X around x, in terms of the degrees of the polynomials
involved.

(ii) The notion of tangent cone at a point enables us to de�ne singular points of algebraic sets
and even distinguish between the type of singularities: Let I(X) = (P ).

When deg(P ∗
x ) = 1, the tangent cone to X ⊆ kn at x is just an a�ne hyperplane, namely

x+ ker P ′(x), since P ∗
x = P ′(x) in this case. The point x is then called non-singular.

When deg(P ∗
x ) = 2, we say that X has a quadratic singularity at x. If X ⊆ k2, a quadratic

singularity is called a double point. In that case, P ∗
x = 1

2P
′′(x) is a quadratic form on k2.

If it is non-degenerate, then x is called an ordinary double point. For instance, if X is the
nodal cubic of equation y2 = x2(x + 1), then the origin is an ordinary double point (also
called a node), since 1

2P
′′(0, 0) is the quadratic form associated to the symmetric matrix(

−1 0
0 −1

)
. But if X is the cuspidal cubic of equation y2 = x3, then the origin is not an

ordinary double point, since 1
2P

′′(0, 0) corresponds to

(
0 0
0 −1

)
. Instead, the origin is a

cusp in the following sense. We can write

P (x, y) = l(x, y)2 +Q3(x, y) + . . .

with l(x, y) = αx + βy a linear form in (x, y), and the double point (0, 0) is called a cusp
if Q3(β,−α) ̸= 0. This means that

t4XP (βt,−αt)
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in k[t]. And this is indeed what happens for P (x, y) = y2 − x3, since l(x, y) = y and
Q3(x, y) = −x3.

Remark 1.66. One can de�ne the multiplicity of a point (x, y) ∈ Vk2(P ) as the smallest integer
r ≥ 1 such that P (r)(x, y) ̸= 0. If P (r)(x, y) · (h, . . . , h) = 0 =⇒ h = 0k2 , the singularity
(x, y) is called ordinary. If k is algebraically closed and (x, y) = (0, 0), we can write P (r)(0, 0) =∏m
i=1(αix+ βiy)

ri , with r1 + . . .+ rm = r. Then (0, 0) is an ordinary singularity of multiplicity
r i� ri = 1 for all i. For instance, (0, 0) is an ordinary triple point of the trefoil curve P (x, y) =
(x2 + y2)2 + 3x2y − y3.

1.7.2 The Zariski tangent space at a point

Let X ⊆ kn be a Zariski-closed subset and x ∈ X.
The tangent cone is in general not a linear approximation. To remedy this, one can consider

the Zariski tangent space to X at a point x ∈ X.

De�nition 1.67. The Zariski tangent space to X at x is the a�ne subspace

TxX := x+
⋂

P∈I(X)

ker P ′(x).

Remark 1.68. By translation, TxX can be canonically identi�ed to the vector space
⋂
P∈I(X) ker P

′(x).

Proposition 1.69. View the linear forms

P ′(x) : h 7→ P ′(x) · h

as homogeneous polynomials of degree 1 in the coordinates of h ∈ kn and denote by

I(X)x := (P ′(x) : P ∈ I(X))

the ideal generated by these polynomials. Then

TxX = x+ Vkn(I(X)x).

Proof. It su�ces to check that

Vkn(I(X)x) =
⋂

P∈I(X)

ker P ′(x)

which is obvious because the (P ′(x))P∈I(X) generate I(X)x.

Corollary 1.70. TxX ⊇ Cx(X)

Proof. Since I(X)x ⊆ I(X)∗x, one has Vkn(I(X)x) ⊇ Vkn(I(X)∗x).

De�nition 1.71. If TxX = Cx(X), the point x is called non-singular.

Proposition 1.72. If I(X) = (P1, . . . , Pm), then I(X)x = (P ′
1(x), . . . , P

′
m(x))

Proof. By de�nition,

(P ′
1(x), . . . , P

′
m(x)) ⊆ (P ′(x) : P ∈ I(X)) = I(X)x.

But for P ∈ I(X), there exist Q1, . . . , Qm ∈ k[T1, . . . , Tn] such that P =
∑m
i=1QiPi, so

P ′(x) =

m∑
i=1

(QiPi)
′(x)

=

m∑
i=1

(Q′
i(x)Pi(x)︸ ︷︷ ︸

=0

+

∈k︷ ︸︸ ︷
Qi(x)P

′
i (x))

since x ∈ X. This proves that P ′(x) is in fact a linear combination of the linear forms
(P ′
i (x))1≤i≤m.
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Corollary 1.73. If I(X) = (P1, . . . , Pm), then TxX = x+
⋂m
i=1 kerP

′
i (x). Moreover, if we write

P = (P1, . . . , Pm), and view this P as a polynomial map kn → km, then

TxX = x+ ker P ′(x)

with P ′(x) the Jacobian of P at x, i.e.

P ′(x) =


∂P1

∂T1
(x) · · · ∂P1

∂Tn
(x)

...
...

∂Pm

∂T1
(x) · · · ∂Pm

∂Tn
(x)

 .

In particular, dim TxX = n− rkP ′(x).

Example 1.74. (i) X = {y2 − x3 = 0} ⊆ k2. Then I(X) = (y2 − x3), so,

T(0,0)X = (0, 0) + ker
(
0 0

)
= k2.

which strictly contains the tangent cone {y2 = 0}. In particular, the origin is indeed a
singular point of the cuspidal cubic. In general,

T(x,y)X = (x, y) + ker
(
−3x2 2y

)
,

which is an a�ne line if (x, y) ̸= (0, 0).

(ii) X = {y2 − x2 − x3 = 0} ⊆ k2. Then I(X) = (y2 − x2 − x3), so

T(0,0)X = (0, 0) + ker
(
0 0

)
= k2

which again strictly contains the tangent cone {y = ±x}. In general,

T(x,y)X = (x, y) + ker
(
−2x 2y

)
,

which is an a�ne line if (x, y) ̸= (0, 0).

Remark 1.75. The dimension of the Zariski tangent space at x (as an a�ne subspace of kn)
may vary with x.



Chapter 2

Algebraic varieties

2.1 Spaces with functions

De�nition 2.1. Let k be a �eld. A space with functions over k is a pair (X,Ox) where X is
a topological space and OX is a subsheaf of the sheaf of k-valued functions, seen as a sheef of
k-algebras, and satisfying the following condition:

If U ⊆ X is an open set and f ∈ OX(U), then the set

DU (f) := {x ∈ U | f(x) ̸= 0}

is open in U and the function 1
f : DU (f)→ k, x 7→ 1

f(x) belongs to OX(DU (f)).

Remark 2.2. Concretely, it means that there is for each open set U ⊆ X a k-Algebra OX(U)
of �regular� functions such that

(i) the restriction of a regular function f : U → k to a sub-open U ′ ⊆ U is regular on U ′.

(ii) if f : U → k is a function and (Uα)α∈A is an open cover of U such that f |Uα
is regular on

Uα, then f is regular on U .

(iii) if f is regular on U , the set {f ̸= 0} is open in U and 1
f is regular wherever it is de�ned.

Remark 2.3. If {0} is closed in k and f : U → k is continuous, then DU (f) is open in U . So,
this conditions is often automatically met in practice.

Example 2.4. (i) (X, CX) a topological space endowed with its sheaf of R-valued (or C-
valued) continuous functions, the �elds R and C being endowed here with their classical
topology.

(ii) (V,OV ) where V = V(P1, . . . , Pm) is an algebraic subset of kn (endowed with the Zariski
topology) and, for all U ⊆ V open,

OV (U) :=

{
f : U → k

∣∣∣∣∣ ∀x ∈ U∃x ∈ Ux open, P,Q ∈ k[x1, . . . , xn] such that

for z ∈ U ∩ Ux, Q(z) ̸= 0 and f(z) = P (z)
Q(z)

}
.

(iii) (M, C∞M ) where M = φ−1(0) is a non-singular level set of a C∞ map φ : Ω → Rm where
Ω ⊆ Rp+m is an open set (in the usual topology of Rp+m) and, for all U ⊆M open, C∞M (U)
locally smooth maps.

Exercise 2.5. Let (X,OX) be a space with functions and let U ⊆ X be an open subset. De�ne,
for all U ′ ⊆ U open,

OX |U (U ′) := OX(U ′).

Then (U,OX |U ) is a space with functions.

21
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Example 2.6. (i) (V,OV ) an algebraic subset of kn, f : V → k a polynomial function, U :=
DV (f) is open in V and the sheaf of regular functions that we de�ned on the locally closed
subset DV (f) = Dkn(f)∩V coincides with the restriction to DV (f) of the sheaf of regular
functions on V .

(ii) B ⊆ Rn or Cn an open ball (with respect to the usual topology), equipped with the sheaf
of C∞ or holomorphic functions.

2.2 Morphisms

Remark 2.7. Note that if f : X → Y is a map and h : U → k is a function de�ned on a subset
U ⊆ Y , there is a pullback map f∗U taking h : U → k to the function f∗U := h ◦ f : f−1(U) → k.
This map is a homomorphism of k-algebras. Moreover given a map g : Y → Z and a subset
V ⊆ Z such that g−1(V ) ⊆ U , we have, for all h : V → k,

f∗U (g
∗
V (h)) = f∗U (h ◦ g) = (h ◦ g) ◦ f = h ◦ (g ◦ f) = (g ◦ f)∗V (h).

De�nition 2.8. Let (X,OX) and (Y,OY ) be two spaces with functions over a �eld k. A
morphism of spaces with functions between (X,OX) and (Y,OY ) is a continuous map f : X → Y
such that, for all open set U ⊆ Y , the pullback map f∗U takes a regular function on the open set
U ⊆ Y to a regular function on the open set f−1(U) ⊆ X.

Remark 2.9. Then, given open sets U ′ ⊆ U in Y , we have compatible homomorphisms of
k-algebras:

In other words, we have a morphism of sheaves on Y f∗ : OY → f∗OX , where by de�nition
(f∗OX)(U) = OX(f−1(U)).

Exercise 2.10. Given g : Y → Z, show that (g ◦ f)∗OX = g∗(f∗OX) and that g∗ is a functor
from sheaves on Y to sheaves on Z.

Remark 2.11. If f : (X,OX) → (Y,OY ) and g : (Y,OY ) → (Z,OZ) are morphisms, so is the
composed map g ◦ f : X → Z.

Proposition 2.12. Let (X,OX) and (Y,OY ) be locally closed subsets of an a�ne space (X ⊆
kn, Y ⊆ Km) equipped with their respective sheaves of regular functions. Then a map f : X → Y
is a morphism of spaces with functions if and only if f = (f1, . . . , fm) with each fi : X → k a
regular function on X.

Proof. The proof that if each of the fi's is a regular function, then f is a morphism is similar
to point (i) of the previous example: it holds because the pullback of a regular function (in
particular, the pullback of a polynomial) by a regular function is a regular function, and because
an equation of the form h(x) = 0 for h a regular function is locally equivalent to a polynomial
equation P (x) = 0.

Conversely, if f : X → Y ⊆ km is a morphism, then the pullback of the i-th projection
pi : k

m → k is a regular function on X. Since f∗pi = fi, the proposition is proved.

Remark 2.13. In the proof of the previous proposition, we used that if the (fi : X → k)1≤i≤m
are regular functions on the locally closed subset X ⊆ kn, then the map

f : X → km

x 7→ (f1(x), . . . , fm(x))

is continuous on X. This is because the pre-image of f−1(V ) of an algebraic subset V =
V (P1, . . . , Pr) ⊆ km is the intersection of X with the zero set

W = V (P1 ◦ f, . . . , Pr ◦ f) ⊆ kn



2.3. ABSTRACT AFFINE VARIETIES 23

which is indeed an algebraic set, because Pj ◦ f is a regular function so the equation Pj ◦ f = 0
is equivalent to a polynomial equation.

Beware, however, that if the (fi)1≤i≤m are only continuous maps, then W is no longer an
algebraic set, so we would need another argument in order to prove the continuity of f . Typically,
in general topology, we say that f : X → km is continuous because its components (f1, . . . , fm)
are continuous. This argument is valid when the topology used on km is the product topology
of the topologies on k. However, this does not hold in general for the Zariski topology, which is
strictly larger than the product topology when k is in�nite.

Example 2.14. (i) The projection map

Vk2(y − x2)→ k

(x, y) 7→ x

is a morphism of spaces with functions, because it is a regular function on Vk2(y − x2). It
is actually an isomorphism, whose inverse is the morphism

k → V(y − x2)
x 7→ (x, x2).

Note that Vk2(y − x2) is the graph of the polynomial function x 7→ x2.

(ii) Let k be an in�nite �eld. The map

k → Vk2(y2 − x3)
t 7→ (t2, t3)

is a morphism and a bijection, but it is not an isomorphism, because its inverse

Vk2(y2 − x3)→ k

(x, y) 7→

{
y
x (x, y) ̸= (0, 0)

0 (x, y) = (0, 0)

is not a regular map (this is where we use that k is in�nite).

(iii) Consider the groups G = GL(n; k), SL(n; k), O(n; k), SO(n; k) etc. as locally closed subsets

in kn
2

and equip them with their sheaves of regular functions. Then the multiplication
µ : GxG → G, (g1, g2) 7→ g1g2 and and inversion ι : G → G, g 7→ g−1 are morphisms (here

G × G is viewed as a locally closed subset of kn
2 × kn2 ≃ k2n

2

, equipped with its Zariski
topology), since they are given by regular functions in the coe�cients of the matrices.

Such groups will later be called a�ne algebraic groups.

2.3 Abstract a�ne varieties

Recall that an isomorphism of spaces with functions is a morphism f : (X,OX)→ (Y,OY ) that
admits an inverse morphism.

Remark 2.15. As we have seen, a bijective morphism is not necessarily an isomorphism.

Remark 2.16. Somewhat more formally, one could also de�ne a morphism of spaces with
functions (over k) to be a pair (f, φ) such that f : X → Y is a continuous map and φ : OY →
f∗OX is the morphism of sheaves f∗. The question then arises how to de�ne properly the
composition (g, ψ) ◦ (f, φ). The formal answer is (g ◦ f, f∗(φ) ◦ ψ).
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De�nition 2.17. Let k be a �eld. An (abstract) a�ne variety over k (also called an a�ne k-
variety) is a space with functions (X,OX) over k that is isomorphic to the space with functions
(V,OV ), where V is an algebraic subset of some a�ne space kn and OV is the sheaf of regular
functions on V .

A morphism of a�ne k-varieties is a morphism of the underlying spaces with functions.

Example 2.18. (i) An algebraic subset V ⊆ kn, endowed with its sheaf of regular functions
OV , is an a�ne variety.

(ii) It is perhaps not obvious at �rst, but a standard open set DV (f), where f : V → k is
a regular function on an algebraic set V ⊆ kn, de�nes an a�ne variety. Indeed, when
equipped with its sheaf of regular functions, DV (f) ≃ Vkn+1(tf(x)− 1).

Remark 2.19. Let (X,OX) be a space with functions. An open subset U ⊆ X de�nes a space
with functions (U,OU ). If (U,OU ) is isomorphic to some standard open set DV (f) of an algebraic
set V ⊆ kn, we will call U an a�ne open set.

Then the observation is the following: since an algebraic set V ⊆ kn is a �nite union of
standard open sets, every point x in an a�ne variety X has an a�ne open neighbourhood.

Less formally, an a�ne variety X, locally �looks like� a standard open set DV (f) ⊆ kn, where
V ⊆ kn is an algebraic set. In particular, open subsets of an a�ne variety also locally look like
standard open sets. In fact, they are �nite unions of such sets.

Example 2.20. The algebraic group GL(n; k) is an a�ne variety over k.

Remark 2.21. An algebraic set (V,OV ) is a subset V ⊆ kn de�ned by polynomial equations
and equipped with its sheaf of regular functions. An a�ne variety (X,OX) is �like an algebraic
set� but without a reference to a particular �embedding� in a�ne space. This is similar to having
a �nitely generated k-Algebra A without specifying a particular isomorphism

A ≃ k[X1, . . . , Xn]/I.

The next example will illustrate precisely this fact.

Example 2.22. Let us now give an abstract example of an a�ne variety. We consider a �nitely
generated k-algebra A and de�ne X := Homk−Alg(A, k). The idea is to think of X as points on
which we can evaluate elements of A, which are thought of as functions onX. For x ∈ Homk(A, k)
and f ∈ A we set f(x) := x(f) ∈ k.

� Topology on X: for all ideal I ⊆ A, set

VX(I) := {x ∈ X | ∀x ∈ I : f(x) = 0}.

These subsets of X are the closed sets of a topology on X, which we may call the Zariski
topology.

� Regular functions on X: if U ⊆ X is open, a function h : U → k is called regular at x ∈ U
if there it exists an open set x ∈ Ux and elements P,Q ∈ A such that for y ∈ Ux, Q(y) ̸= 0

and h(y) = P (y)
Q(y) in k.

The function h is called regular on U i� it is regular at x ∈ U . Regular functions then form
a sheaf of k-algebras on X.

Moreover, if h : U → k is regular on X, the set DX(h) := {x ∈ X | h(x) ̸= 0} is open in X
and the function 1

h is regular on DX(h).

So, we have de�ned a space with functions (X,OX), at least whenever X ̸= ∅. We show that X
is an a�ne variety.
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Proof. Fix a system of generators of A, i.e.

A ≃ k[t1, . . . , tn]/I

where k[t1, . . . , tn] is a polynomial algebra. We denote by t1, . . . , tn the images of t1, . . . , tn in A
and we de�ne

φ : X = Homk(A, k)→ kn

x 7→ (x(t1), . . . , x(tn)).

Let P ∈ I and x ∈ X. Then

P (φ(x)) = P (x(t1), . . . , x(tn)) = x(P ) = 0.

Thus φ(x) ∈ Vkn(I). Conversely let a = (a1, . . . , an) ∈ Vkn(I), then we can de�ne a morphism
of k-algebras

xa : A→ A/(t1 − a1, . . . , tn − an) ≃ k
which satis�es xa(ti) = ai for all i. So (a1, . . . , an) = φ(xa) ∈ im φ.

In particular, we have de�ned a map

ψ : Vkn(I)→ X = Homk(A, k)

a 7→ xa

such that φ ◦ ψ = IdVkn (I). In fact, we also have ψ ◦ φ = IdX .
It remains to check that φ and ψ are morphisms of spaces with functions, which follows from

the de�nition of the topology and the notion of regular function on X.

The elements of X := Homk(A, k) are also called the characters of the k-algebra A, and this
is sometimes denoted by Â := Homk−alg(A, k). Note that Â is a k-subalgebra of the algebra of
all functions f : A→ k.

The character xa introduced above and associated to an alemenet a ∈ A is then denoted
by â and called the Gelfand transform of a. The Gelfand transformation is the morphism of
k-algebras

A→ Â

a 7→ â.

Exercise 2.23. Let A be a �nitely generated k-algebra and let X = Homk-alg(A, k). Show that
the map x 7→ ker x induces a bijection

X ≃ {m ∈ SpmA | A/m ≃ k}.

Remark 2.24. Note that we have not assumed A to be reduced and that, if we set Ared :=
A/
√
(0), then Ared is reduced and ˆAred = Â, because a maximal ideal of A necessarily contains√

(0) and the quotient �eld is �the same�.

Remark 2.25. Let (X,OX) be an a�ne variety. One can associate the k-algebra OX(X) of
globally de�ned regular functions on X:

OX(X) = {f : X → k | f regular on X}.

Moreover, if φ : (X,OX) → (Y,OY ) is a morphism between two a�ne varieties, we have a k-
algebra homomorphism

φ∗ : OY (Y )→ OX(X)

f 7→ f ◦ φ.

Also, (idX)∗ = idOX(X) and (ψ ◦ φ)∗ = φ∗ ◦ ψ∗ whenever ψ : (Y,OY ) → (Z,OZ) is a morphism
of a�ne varieties. In other words, we have de�ned a (contravariant) functor k-A� → k-Alg.
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Proposition 2.26. Let k be a �eld. The functor

k-A�→ k-Alg

(X,OX) 7→ OX(X)

is fully faithful.

Proof. Since X and Y are a�ne, we may assume X = V ⊆ kn and Y = W ⊆ km. Then
φ : V → W is given by m regular functions (φ1, . . . , φm) on V . On km, let us denote by yi the
projection to the i-th factor. Its restriction to W is a regular function

yi|W : W → k

that satis�es φ∗(yi|W ) = φi.
Since for all regular functions f : W → k one has

φ∗f = f ◦ φ = f(φ1, . . . , φm),

we see that the morphism
φ∗ : OW (W )→ OV (V )

is entirely determined by the m regular functions φ∗(yi|W ) = φi on V . In particular, if φ∗ = ψ∗,
then φi = φ∗(yi|W ) = ψ∗(yi|W ) = ψi, so φ = ψ, which proves that φ 7→ φ∗ is injective.

Surjectivity: Let h : OW (W )→ OV (V ) be a morphism of k-algebras. Let

φ := (h(y1|W ), . . . , h(ym|W ))

which is a morphism from V to km, because its components are regular functions on V . It
satis�es φ∗(yi|W ) = φi = h(yi|W ), so φ∗ = h.

It remains to show, that φ(V ) ⊆ W . Let W = V(P1, . . . , Pr) with Pj ∈ k[Y1, . . . , Ym]. Then
for all j ∈ {1, . . . , r} and x ∈ V

Pj(φ(x)) = Pj(h(y1|W ), . . . , h(ym|W ))(x).

Since h is a morphism of k-algebras and Pj is a polynomial, we have

Pj(h(y1|W ), . . . , h(ym|W )) = h(Pj(y1|W ), . . . , Pj(ym|W )).

But Pj ∈ I(W ), so
Pj(y1|W , . . . , ym|W ) = Pj(y1, . . . , ym)|W = 0,

which proves that for x ∈ V , φ(x) ∈W .

2.4 Geometric Noether normalisation

Consider a plane algebraic curve C, de�ned by the equation f(x, y) = 0. If we �x x = a, then the
polynomial equation f(a, y) = 0 has only �nitely many solutions (at most degyf). This means
that the map

C := V(f)→ k(x, y) 7→ x

has �nite �bres. A priori, such a map is not surjective, e.g. for f(x, y) = xy − 1. If k is
algebraically closed, one can always �nd such a surjective projection.

Theorem 2.27. Let k be an algebraically closed �eld and f ∈ k[x1, . . . , xn] be a polynomial of
degree d ≥ 1. Then there is a morphism of a�ne varieties

π : Vkn(f)→ kn−1

such that:
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(i) π is surjective

(ii) for t ∈ kn−1, the �bre π−1({t}) ⊆ V(f) consists of at most d points.

Proof. Let f ∈ k[x1, . . . , xn] be of degree d. We construct a change of variables of the form
(xi 7→ xi+aixn)1≤i≤n−1 and xn 7→ xn, such that the term of degree d of f(x1+a1xn, . . . , xn−1+
an−1xn, xn) becomes cxdn with c ∈ k×. Since

f(x1 + a1xn, . . . , xn−1 + an−1xn, xn) =
∑

(i1,...,in)∈Nn

αi1,...,in(x1 + a1xn)
i1 · · · (xn−1 + an−1xn)

in−1xinn ,

the coe�cient of xdn in the above equation is obtained by considering all (i1, . . . , in) such that

i1 + . . .+ in = d, and keeping only the term in x
ij
n when expanding (xj + ajxn)

ij , so we get∑
(i1,...,in)∈Ni1+...+in=d

αi1,...,ina
i1
1 · · · a

in−1

n−1 ,

which is equal to fd(a1, . . . , an−1, 1), where fd is the (homogeneous) degree d part of f .
Claim: There exist a1, . . . , an−1 ∈ k such that fd(a1, . . . , an−1, 1) ̸= 0. Proof of claim by

induction: if n = 1, fd = cxd1 for some c ̸= 0, so fd(1) = c ̸= 0. If n ≥ 2, we can write

fd(x1, . . . , xn) =

d∑
i=0

hi(x2, . . . , xn)x
i
1

where hi ∈ k[x2, . . . , xn] is homogeneous of degree d−i. Since fd ̸= 0, there is at least one i0 such
that hi0 ̸= 0. By induction, we can �nd (a2, . . . , an−1) ∈ kn−2 such that hi0(a2, . . . , an−1, 1) ̸= 0.
But then f(·, a2, . . . , an−1, 1) ∈ k[x1] is a non zero polynomial, so it has only �nitely many roots.
As k is in�nite, there exists a1 ∈ k, such that f(a1, . . . , an−1, 1) ̸= 0.

Then

φ :

{
xi 7→ xi + aixn 1 ≤ i ≤ n− 1

xn 7→ xn

is a invertible linear transformation kn → kn, such that

(f ◦ φ−1)(y1, . . . , yn) = c(ydn + g1(y1, . . . , yn)y
d−1
n + . . .+ gd(y1, . . . , yn−1)

for c ̸= 0. This induces an isomorphism of a�ne varieties

V(f)→ V(f ◦ φ−1)

x 7→ φ(x)

such that

V(f) kn = kn−1 × k

kn−1

φ

π

de�nes the morphism π with the desired properties. Indeed: Let (x1, . . . , xn) ∈ kn and set
yi := φ(xi). Then

(x1, . . . , xn) ∈ V(f) i� xn = yn is a root of the polynomial

td +

d∑
j=1

gj(y1, . . . , yn−1)t
d−j .

Therefore for all t = (y1, . . . , yn−1) ∈ kn−1, π−1({t}) ̸= ∅ (because k = k) and π−1({t}) has at
most d points.
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De�nition 2.28. Let f ∈ k[x1, . . . , xn] be a polynomial of degree d. As in the proof of 2.27,
ther exists a linear coordinate transformation φ : kn → kn, such that f ◦ φ−1(y1, . . . , yn) =

cydn +
∑d
j=1 gj(y1, . . . , yn−1)y

d−j
n . For a point x ∈ π−1(y1, . . . , yn−1) ⊆ V(f), the multiplicity of

x is the multiplicity of yn as a root of that polynomial.

A point with multiplicity≥ 2 are called rami�cation point and its image lies in the discriminant
locus of π.

With this vocabulary, we can re�ne the statement of 2.27.

De�nition 2.29 (Geometric Noether normalisation). Assume k = k. If f ∈ k[x1, . . . , xn] is
polynomial of degree d, a morphism of a�ne varieties

π : Vkn(f)→ kn−1

such that

(i) π is surjective

(ii) for t ∈ kn−1, the number of elements in π−1({t}), counted with their respective multiplicities,
is exactly d,

is called a geometric Noether normalisation.

Corollary 2.30 (Geometric Noether normalisation for hypersurfaces). Let k be an algebraically
closed �eld and f ∈ k[x1, . . . , xn] be a polynomial of degree d ≥ 1. Then there exists a geometric
Noether normalisation.

Example 2.31. Let f(x, y) = y2 − x3 ∈ C[x, y]. Then the map

VC2(y2 − x3)→ C(x, y) 7→ y

is a geometric Noether normalisation, but (x, y) 7→ x is not (the �bres of the latter have degree
2, while deg f = 3).

Remark 2.32. In the proof of 2.27, to construct φ and the gj , we only used that k is in�nte.
Thus the statement, that for all f ∈ k[x1, . . . , xn] there exists a linear automorphism φ : kn → kn

such that

f ◦ φ−1(y1, . . . , yn) = c

ydn +

d∑
j=1

gj(y1, . . . , yn−1)y
d−j
n


is valid over k if k is in�nite. The resulting map

π : Vkn(f)→ kn−1

still has �nite �bres, but it is no longer surjective in general, as the example f(x, y) = x2+y2−1
shows.

However, it induces a surjective map with �nite �bres

π̂ : Vkn(f)→ k
n−1

which moreover commutes with the action of Gal(k/k).

Theorem 2.33. Let k be an in�nite �eld and k an algebraic closure of k. Let f ∈ k[x1, . . . , xn]
be a polynomial of degree d ≥ 1. Then there exists a Gal(k/k)-equivariant geometric Noether

normalisation map π : Vkn(f)→ k
n−1

.
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Example 2.34. Let f(x, y) = y2 − x3 ∈ R[x, y]. Then the map

π : VC2(y2 − x3)→ C
(x, y) 7→ y.

is a geometric Noether normalisation map and it is Galois-invariant:

π((x, y)) = π(x, y) = y = π(x, y).

Exercise 2.35. Show that if y ∈ R, the group Gal(C/R) acts on π−1({y}), and that the �xed
point set of that action is in bijection with {x ∈ R | y2 − x3 = 0}.

Next, we want to generalise the results above beyond the case of hypersurfaces.

Theorem 2.36. Assume k is algebraically closed. Let V ⊆ kn be an algebraic set. Then there
exists a natural number r ≤ n and a morphism of algebraic sets

p : V → kr

such that p is surjective and has �nite �bres.

Sketch of proof. If V = kn, we take r = n and p = idkn . Otherwise V = V(I) with I ⊆
k[x1, . . . , xn] a non-zero ideal. Take f ∈ I \ {0}. Then there exists a geometric Noether
normalisation

p1 : V(f)→ kn−1.

One can now show that V1 := p1(V ) is an algebraic set in kn−1. Thus there are two cases:

(1) p1(V ) = kn−1. Thus p1|V : V → kn−1 is surjective with �nite �bres and we are done.

(2) p1(V ) ⊊ kn−1. In this case p1(V ) = V(I1) with I1 ⊆ k[x1, . . . , xn−1] a non-zero ideal. So
we can repeat the argument.

After r ≤ n steps, the above algorithm terminates, and this happens precisely when Vr = kn−r.
If we set

p := pr ◦ . . . ◦ p1 : V → kn−r

then p is surjective with �nite �bres because p(V ) = Vr = kn−r and each pi has �nite �bres.

Remark 2.37. By the fact used in the proof of 2.36, p is in fact a closed map. Note that when
r = n, V = p−1({0}) is actually �nite, in which case dim V should indeed be 0.

2.5 Gluing spaces with functions

We present a general technique to construct spaces with functions by �patching together� other
spaces with functions �along open subsets�. This will later be used to argue that, in order to
de�ne a structure of variety on a topological sapce (or even a set), it su�ces to give one atlas.

Theorem 2.38 (Gluing theorem). Let (Xi,OXi)i∈I be a family of spaces with functions. For
all pair (i, j), assume that the following has been given

(a) an open subset Xij ⊆ Xi

(b) an isomorphism of spaces with functions

φji : (Xij ,OXij )→ (Xji,OXji)

subject to the following compatibility conditions
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(1) for all i, Xii = Xi and φii = idXi

(2) for all pair (i, j), φij = φ−1
ji

(3) for all triple (i, j, k), φji(Xik ∩Xij) = Xjk ∩Xji and φkj ◦ φji = φki on Xik ∩Xij.

Then there exists a space with functions (X,OX) equipped with a family of open sets (Ui)i∈I
and isomorphisms of spaces with functions

(A1) φi : (Ui,OX |Ui)→ (Xi,OXi),

such that
⋃
i∈I Ui = X and, for all pair (i, j),

(B2) φi(Ui ∩ Uj) = Xij, and

(C3) φj ◦ φ−1
i = φji on Xij.

Such a familiy (Ui, φi)i∈I is called an atlas for (X,OX).
Moreover, if (Y,OY ) is a space with functions equipped with an atlas (Vi, ψi)i∈I satisfying

conditions (A1), (A2) and (A3), then the isomorphisms ψ−1
i ◦φi : Ui → Vi induce an isomorphism

(X,OX)→ (Y,OY ).

Proof. Uniqueness up to canonical isomorphism: Let (Ui, φi)i∈I and (Vi, ψi)i∈I be two atlases
modelled on the same gluing data, then for all pair (i, j),

ψ−1
j ◦ φj

∣∣∣
Ui∩Uj

= ψ−1
j ◦ (φj ◦ φ

−1
i )︸ ︷︷ ︸

=φji

◦φi
∣∣∣
Ui∩Uj

= ψ−1
j ◦ (ψj ◦ ψ

−1
i )︸ ︷︷ ︸

=φji

◦φi
∣∣∣
Ui∩Uj

= ψ−1
i ◦ φi

∣∣∣
Ui∩Uj

so there is a well-de�ned map

f : X =
⋃
i∈I

Ui →
⋃
i∈I

Vi = Y

(x ∈ Ui) 7→ (ψ−1
i ◦ φi(x) ∈ Vi)

which induces an isomorphism of spaces with functions.
Existence: De�ne X̃ :=

⊔
i∈I Xi and let the topology be the �nal topology with respect to the

canonical maps (Xi → X̃)i∈I . Then de�ne X := X̃/ ∼ where (i, x) ∼ (j, y) in X̃ if x = φij(y).
Conditions (1), (2) and (3) show that ∼ is re�exive, symmetric and transitive. We equip X with
the quotient topology and denote by

p : X̃ → X

the canonical continuous projection. Let Ui := p(Xi). Since p−1(Ui) =
⊔
j∈I Xji is open in X̃,

Ui is open in X. Moreover,
⋃
i∈I Ui = X, so we have an open covering of X. We put pi := p|Xi

and we de�ne a sheaf on X by setting

OX(U) := {f : U → k | ∀i ∈ I, f ◦ pi ∈ OXi
(p−1
i (U))}

for all open sets U ⊆ X. This de�nes a sheaf on X, with respect to which (X,OX) is a space
with functions. Finally, pi : Xi → Ui is a homeomorphism and, by construction OUi

≃ (pi)∗OXi

via pullback by pi. We have thus constructed a space with functions (X,OX), equipped with an
open covering (Ui)i∈I and local charts

φi := p−1
i : (Ui,OX |Ui)

∼−→ (Xi,OXi).

It remains to check that φi(Ui ∩Uj) = Xij and φj ◦φ−1
i = φji on Xij , but this follows from the

construction of X =
⊔
i∈I

Xi/ ∼ and the de�nition of the φi's as p|−1
Xi
.
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Example 2.39. Take k = R or C equipped with either the Zariski or the usual topology.
Consider the spaces with functions X1 = k, X2 = k and the open sets X12 = k \ {0} ⊆ X1 and
X21 = k \ {0} ⊆ X2. Finally, set

φ21 : X12 → X21

t 7→ 1

t
.

Since this is an isomorphism of spaces with functions, we can glue X1 and X2 along X12
∼−−→
φ21

X21

and de�ne a space with functions (X,OX) with an atlas modelled on (X1, X2, φ21). We will now
identify this space X with the projective line kP1. By de�nition, the latter is the set of 1-
dimensional vector subspaces (lines) of k2:

kP1 := (k2 \ {0})/k×.

Then, we have a covering U1 ∪ U2 = kP1, where U1 = {[x1 : x2] | x1 ̸= 0} and U2 = {[x1 : x2] |
x2 ̸= 0}, and we can de�ne charts

φ1 : U1
∼−−→ k

[x1 : x2] 7−→ x2/x1

[1 : w]←− [ w

and φ2 : U2 → k likewise. Then, on the intersection

U1 ∩ U2 = {[x1 : x2] | x1 ̸= 0, x2 ̸= 0}

we have a commutative diagram

U1 ∩ U2

X1 X2

φ1
φ2

φ21

with φi(U1 ∩U2) open in Xi. In view of the gluing theorem, we can use this to set up a bijection
kP1 → X where X := (X1 ⊔X2)/ ∼φ12 and de�ne a topology and a sheaf of regular functions
on kP1 via this identi�cation. Note that this was done without putting a topology on kP1: the
latter is obtained using the bijection kP1 → X constructed above. We now spell out the notion
of regular functions thus obtained on kP1.

Proposition 2.40. With the identi�cation

kP1 = X1 ⊔X2/ ∼

constructed above, a function f : U → k de�ned on an open subset U ⊆ kP1 is an element of
OX(U) if and only if, for each local chart φi : Ui → k, the function

f ◦ φ−1
i : φi(Ui ∩ U)→ k

is regular on the open set φi(Ui ∩ U) ⊆ k.

De�nition 2.41. Let k be a �eld. An algebraic k-prevariety is a space with functions (X,OX)
such that

(i) X is quasi-compact.

(ii) (X,OX) is locally isomorphic to an a�ne variety.
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Remark 2.42. Saying that (X,OX) is locally isomorphic to an a�ne variety means that for
x ∈ X, it exists an open neighbourhood x ∈ U such that (U,OX |U ) is isomorphic to an open
subset of an a�ne variety. Since such an open set is a union of principal open sets, which are
themselves a�ne, one can equivalently ask that (U,OU ) be a�ne. Thus:

Proposition 2.43. A space with functions (X,OX) is an algebraic prevariety, if and only if
there exists a �nite open covering

X = U1 ∪ . . . ∪ Un
such that (Ui,OX |Ui

) is an a�ne variety.

Remark 2.44. As a consequence of the gluing theorem, in order to either construct an algebraic
prevariety or put a structure of an algebraic prevariety on a set, it su�ces to either de�ne X from
certain gluing data (Xi, Xij , φij)(i,j) satisfying appropriate compatibility conditions, or �nd a
covering (Ui)i∈I of a set X and local charts φi : Ui → Xi such that Xij = φi(Ui ∩Uj) is open in
Xi and φj ◦ φ−1

i is an isomorphism of spaces with functions.
In practice, X is sometimes given as a topological space, and (Ui)i∈I is an open covering,

with local charts φi : Ui → Xi that are homeomorphisms. So the condition that Xij be open in
Xi is automatic in this case and one just has to check that

φj ◦ φ−1
i : Xij → Xji

induces an isomorphism of spaces with functions. In the present context where Xi and Xj are
a�ne varieties, this means a map

Xij ⊆ kn → Xji ⊆ km

between locally closed subsets of kn and km whose components are regular functions.

Example 2.45 (Projective sets). We have already seen that projective spaces kPn are algebraic
pre-varieties. Let P ∈ k[x0, . . . , xn]d be a homogeneous polynomial of degree d ≥ 0. Although
P cannot be evaluated at a point [x0 : . . . : xn] ∈ kPn, the condition P (x0, . . . , xn) = 0 can be
tested, because for λ ∈ kx,

P (x0, . . . , xn) = 0 ⇐⇒ 0 = λdP (x0, . . . , xn) = P (λx0, . . . , λxn).

We use this to de�ne the following projective sets

VkPn(P1, . . . , Pm) = {[x0 : . . . : xn] ∈ kPn | Pi(x0, . . . , xn) = 0 ∀i}

for homogeneous polynomials in (x0, . . . , xn).
We claim that these projective sets are the clsoed sets of a topology on kPn, called the Zariski

topology. A basis for that topology is provided by the principal open sets DkPn(P ) where P is
a homogeneous polynomial. By de�nition, a regular function on a locally closed subset of kPn is
locally given by the restriction of a ration fraction of the form

P (x0, . . . , xn)

Q(x0, . . . , xn)

where P and Q are homogeneous polynomials of the same degree. This de�nes a sheaf of regular
functions on any given locally closed subset X of kPn.

Proposition 2.46. A Zariski-closed subset X of kPn equipped with its sheaf of regular functions,
is an algebraic pre-variety. The same holds for all open subsets U ⊆ X.

Proof. Consider the open covering

X =

n⋃
i=0

X ∩ Ui

=

n⋃
i=0

{[x0 : . . . : xn] ∈ X | xi ̸= 0}.
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Then the restriction to X ∩ Ui of the local chart

φi : Ui −→ kn

x = [x0 : . . . : xn] 7−→
(
x0
xi
, . . . ,

x̂i
xi
, . . . ,

xn
xi

)
︸ ︷︷ ︸

w=(w0,...,ŵi,...,wn)

sends an x such that P1(x) = . . . = Pm(x) = 0 to a w such that Q1(w) = . . . = Qm(w) = 0
where, for all j,

Qj(w) = Pj(w0, . . . , wi−1, 1, wi+1, . . . , wn)

= Pj(x0, . . . , xi−1, xi, xi+1, . . . , xn)

is the dehomogeneisation of Pj . So φi(X∩Ui) = Vkn(Q1, . . . , Qm) =: Xi is an algebraic subset of
kn, in particular an a�ne variety. It remains to check that φi|X∩Ui pulls back regular functions on
Xi to regular functions on X ∩Ui, and similarly for (φi|X∩Ui

)−1. But if f and g are polynomials
in (w0, . . . , ŵi, . . . , wn), (

φ∗
i

f

g

)
(x) =

f(φi(x))

g(φi(x))

=
f
(
x0

xi
, . . . , x̂i

xi
, . . . , xn

xi

)
g
(
x0

xi
, . . . , x̂i

xi
, . . . , xn

xi

)
which can be rewritten as a quotient of two homogeneous polynomials of the same degree
by multiplying the numerator and denominator by xri with r ≥ max(deg(f), deg(g)). The

computation is similar but easier for (φi|X∩Ui
)
−1
.

De�nition 2.47. A space with functions (X,OX) which is isomorphic to a Zariski-closed subset
of kPn is called a projective k-variety.

Lemma 2.48. The category of a�ne varieties admits products.

Proof. Let (X,OX), (Y,OY ) be a�ne varieties. Choose embeddings X ⊆ kn and Y ⊆ kp for
some n and p. Then X × Y ⊆ kn+p is an a�ne variety, endowed with two morphisms of a�ne
varieties pr1 : X × Y → X and pr2 : X × Y → Y . We will prove that the triple (X × Y, pr1, pr2)
satis�es the universal property of the product of X and Y .

Let fX : Z → X and fY : Z → Y be morphisms of a�ne varieties. Then de�ne f =
(fx, fy) : Z → X × Y . This satis�es pr1 ◦ f = fX and pr2 ◦ f = fY . If we embed Z into
some km, the components of fX and fY are regular functions from km to kn and kp. Thus the
components of f = (fX , fY ) are regular functions k

m → kn+p, i.e. f is a morphism.

Theorem 2.49. The category of algebraic pre-varieties admits products.

Proof. Let (X,OX), (Y,OY ) algebraic pre-varieties. Let

X =

r⋃
i=1

Xi and Y =

s⋃
j=1

Yj

be a�ne open covers. Then, as a set,

X × Y =
⋃
i,j

Xi × Yj .

By 2.48, each Xi × Yj has a well-de�ned structure of a�ne variety. Moreover, if X ′
i ⊆ Xi and

Y ′
j ⊆ Yj are open sets, then X ′

i × Y ′
j is open in Xi × Yj .
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So we can use the identity morphism to glue Xi1 × Yj1 to Xi2 × Yj2 along the common open
subset (Xi1 ∩Xi2)× (Yj1 ∩ Yj2). This de�nes an algebraic prevariety P whose underlying set is
X × Y . Also, the canonical projections Xi × Yj → Xi and Xi ×Xj → Xj glue together to give
morphisms pX : X × Y → X and pY : X × Y → Y , which coincide with pr1 and pr2.

There only remains to prove the universal property. Let fx : Z → X and fY : Z → Y be
morphisms of algebraic prevarieties and set f = (fx, fy) : Z → X×Y . In particular, pr1 ◦f = fX
and pr2◦f = fY as maps between sets. To prove that f is a morphisms of algebraic prevarieties, it
su�ces to show that this is locally the case. Z is covered by the open subsets f−1

X (Xi)∩f−1
Y (Yj),

each of which can be covered by a�ne open subsets (W ij
l )1≤l≤q(i,j). By construction, f(W ij

l ) ⊆
Xi×Yj . So, by the universal property of the a�ne variety Xi×Yj , the map f |W ij

l
is a morphism

of a�ne varieties.

De�nition 2.50 (algebraic variety). Let (X,OX) be an algebraic pre-variety and X × X the
product in the category of algebraic pre-varieties. If the subset

∆X := {(x, y) ∈ X ×X | x = y}

is closed in X × X, then (X,OX) is said to be an algebraic variety. A morphism of algebraic
varieties f : X → Y is a morphism of the underlying pre-varieties.

Example 2.51 (of a non-seperated algebraic prevariety). We glue two copies X1, X2 of k along
the open subsets k \ {0} using the isomorphism of spaces with functions t 7→ t. The resulting
algebraic prevariety is a �line with two origins�, denoted by 01 and 02. For this prevariety X, the
diagonal ∆X is not closed in X ×X.

Indeed, if ∆X were closed in X × X, then its pre-image in X1 × X2 under the morphism
f : X1 ×X2 → X ×X de�ned by

X1 ×X2

X ×X X

X

i2◦pr2

i1◦pr1

where ij : Xj ↪−→ X is the canonical inclusion of Xj into X = (X1 ⊔X2) / ∼, would be closed in
X1 ×X2. But

f−1(∆X) = {(x1, x2) ∈ X1 ×X2 | i1(x1) = i2(x2)}
= {(x1, x2) ∈ X1 ×X2 | xj ̸= 0 and x1 = x2 in k}
= {(x, x) ∈ k × k | x ̸= 0} ⊆ k × k = X1 ×X2

which is not closed in X1 ×X2. In fact, f−1(∆X) = ∆k \ {(0, 0)} ⊆ k × k.

Corollary 2.52. Let (X,OX), (Y,OY ) be algebraic varieties, then the product in the category
of algebraic pre-varieties is an algebraic variety. In particular the category of algebraic varieties
admits products.

Proof. ∆X×Y ≃ ∆X ×∆Y ⊆ (X ×X)× (Y × Y ).

Proposition 2.53. A�ne varieties are algebraic varieties.

Proof. Let X be an a�ne variety. We choose an embedding X ⊆ kn. Then ∆X = ∆kn∩(X×X).
But

∆kn = {(xi, yi)1≤i≤n ∈ k2n | xi − yi = 0}
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is closed in k2n. Therefore, ∆X is closed in X ×X (note that the prevariety topology of X ×X
coincides with its induced topology as a subset of k2n by construction of the product prevariety
X ×X).

Exercise 2.54. Let (X,OX) be an algebraic pre-variety and let Y ⊆ X be a closed subset. For
all open subsets U ⊆ Y , we set

OY (U) :=
{
h : U → k | ∀x ∈ U∃x ∈ Û ⊆ X open, g ∈ OX(Û) such that g|Û∩U = h|Û∩U

}
.

(a) Show that this de�nes a sheaf of regular functions on Y and that (Y,OY ) is an algebraic
prevariety.

(b) Show that the canonical inclusion iY : Y ↪−→ X is a morphism of algebraic prevarieties and
that if f : Z → X is a morphism of algebraic prevarieties such that f(Z) ⊆ Y , then f
induces a morphism f̃ : Y → Z such that iY ◦ f̃ = f .

(c) Show that, if X is an algebraic variety, then Y is also an algebraic variety.

Recall that kPn is the projectivisation of the k-vector space kn+1:

kPn = P (kn+1)(kn+1 \ {0})/k×.

Proposition 2.55 (Segre embedding). The k-bilinear map

kn+1 × km+1 −→ kn+1 ⊗k km+1 ≃ k(n+1)(m+1)

(x, y) 7−→ x⊗ y

induces an isomorphism of algebraic pre-varieties

P (kn+1)× P (km+1)
f−−→ ζ ⊆ P

(
k(n+1)(m+1)

)
= kPnm+n+m

([x0 : . . . : xn], [y0 : . . . : ym]) 7−→ [x0y0 : . . . x0ym : . . . : xny0 : . . . : xnym]

where ζ is a Zariski-closed subset of kPnm+n+m.

Proof. It is clear that f is well-de�ned. Let us denote by (zij)0≤i≤n,0≤j≤m the homogeneous
coordinates on kPnm+n+m, and call them Segre coordinates. Then f(kPn× kPm) is contained in
the projective variety

ζ = V ({zijzkl − zkjzil | 0 ≤ i, k ≤ n, 0 ≤ j, l ≤ m})

⊆ P
(
k(n+1)(m+1)

)
as can be seen by writing

f([x], [y]) =

x0y0 : . . . : x0ym
...

...
xny0 : . . . : xnym


so that

zijzkl − zkjzil =
∣∣∣∣xiyj xiyl
xkyj xkyl

∣∣∣∣ = 0.

The map f is injective because, if z := f([x], [y]) = f([x′], [y′]) then there exists (i, j) such that

z ∈Wij := {z ∈ kPnm+n+m | zij ̸= 0} so xiyj = x′iy
′
j ̸= 0. In particular xi

x′
i
=

y′j
yj

= λ ̸= 0. Since

[x0y0 : . . . : xnym] = [x′0y
′
0 : . . . : x′ny

′
m]
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means that there exists µ ̸= 0 such that, for all (k, l), xkyl = µx′ky
′
l. Taking k = i and l = j, we get

that µ = 1 and hence, for all k, xkyj = x′ky
′
j , so xk =

y′j
yj
x′k = λx′k. Likewise, for all l, xiyl = x′iy

′
l,

so yl =
1
λy

′
l. As a consequence [x0 : . . . : xn] = [x′0 : . . . : x′n] and [y0 : . . . : ym] = [y′0 : . . . : y′m],

thus proving that f is injective. Note that we have proven that

f−1(Wij) = Ui × Vj

where Ui = {[x] ∈ kPn | xi ̸= 0} and Vj = {[y] ∈ kPm | yj ̸= 0}.
For simplicity, let us assume that i = j = 0. The open sets U0, V0,W0 are a�ne charts, in

which f is equivalent to

kn × km −→ knm+n+m

(u, v) 7−→ (v1, . . . , vm, u1, u1v1, . . . , u1vm, . . . , un, unv1, . . . , vnvm)

which is clearly regular. In particular f | U0 × V0 is a morphism of algebraic pre-varieties.
im f = ζ: Let [z] ∈ ζ. Since the Wij cover kPnm+n+m, we can assume without loss of

generality, z00 ̸= 0. Then by de�nition of ζ, zkl =
zk0

z0l
z00

for all (k, l). If we set

([x0 : . . . : xn], [y0 : . . . : ym]) =

([
1 :

z10
z00

: . . . :
zn0

z00

]
,

[
1 :

z01
z00

: . . . :
z0m
z00

])
we have a well de�ned point ([x], [y]) ∈ U0 × V0 ⊆ kPn × kPm, which satis�es f([x], [y]) = [z].

Thus f−1 : ζ → kPn × kPm is de�ned and a morphism of algebraic pre-varieties because, in

a�ne charts W0

f−1|W0−−−−−→ U0 × V0 as above, it is the regular map (uij)(i,j) 7→ ((ui0)i, (u0j)j).

Corollary 2.56. Projective varieties are algebraic varieties.

Proof. By 2.54 it su�ces to show that kPn is an algebraic variety. Let f : kPn× kPn → kPn2+2n

be the Segre embedding. For [x] ∈ kPn:

f([x], [x]) =

x0x0 : . . . : x0xm
...

...
xnx0 : . . . : xnxm

 .
Thus f([x], [x])ij = f([x], [x])ji. Let now [z] ∈ ζ ⊆ kPn2+2n, where ζ is de�ned in the proof of
2.55, and such that, in Segre coordinates, zij = zji. Without loss of generality, we can assume
z00 = 1. Set xj := z0j for 1 ≤ j ≤ n. Thus for all (i, j)

f([x], [y])ij = xixj = z0iz0j = zi0z0j = zijz00 = zij ,

i.e.
∆kPn ≃ {[z] ∈ ζ | zij = zji}

which is a projective and thus closed set of kPn × kPn.
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2.6 Examples of algebraic varieties

Exercise 2.57. Let f : X → Y be a morphism of algebraic pre-varieties. Assume

(i) Y is a variety.

(ii) There exists an open covering (Yi)i∈I of Y such that the open subset f−1(Yi) is a variety.

Show that X is a variety.

Exercise 2.58. Let X be a topological space. Assume that there exists a covering (Xi)i∈I of
X by irreducible open subsets such that for all (i, j), (Xi ∩Xj) ̸= ∅. Show that X is irreducible.

2.6.1 Grassmann varieties

Let 0 ≤ p ≤ n be integers. The Grassmannian Gr(p, n) is the set of p-dimensional linear
subspaces of kn. In order to endow this set with a structure of algebraic prevariety, there are
various possibilities:

(i) To a p-dimensional linear subspace E ⊆ kn, we associate the line ΛpE ⊆ Λpkn ≃ k(
n
p),

which de�nes a point in the projective space kP(
n
p)−1.

Claim: The map Gr(p, n) → kP(
n
p)−1 is an injective map whose image is a Zariski-closed

subset of kP(
n
p)−1.

This identi�es Gr(n, p) canonically to a projective variety. In particular one obtains in this
way a structure of algebraic variety on Gr(p, n).

(ii) For the second approach, recall that GL(n, k) acts transitively on Gr(p, n). But the
identi�cation of kn to (kn)∗ via the canonical basis of kn enables one to de�ne, for all
E ∈ Gr(p, n), a canonical complement E⊥ ∈ Gr(n−p, n), i.e. an (n−p)-dimensional linear
subspace such that E ⊕ E⊥ = kn.

So the stabiliser of E ∈ Gr(p, n) for the action of GL(n, k) is conjugate to the subgroup

P(p, n) :=

g ∈ GL(n, k)

∣∣∣∣∣∣∣∣
g =

(
A B
0 C

)
with A ∈ GL(p, k), B ∈ Mat(p× (n− p), k),
and C ∈ GL(n− p, k)

 .

This shows that the Grassmannian Gr(p, n) is a homogeneous space under GL(n, k) and
that

Gr(p, n) ≃ GL(n, k)/P(p, n)

which is useful if one knows that, given an a�ne algebraic group G and a closed subgroup
H, the homogeneous space G/H is an algebraic variety. We will come back to this later
on.

(iii) The third uses the gluing theorem. In particular, it also constructs a standard atlas on
Gr(p, n), like the one we had on kPn−1 = Gr(1, n). The idea is that, in order to determine
a p-dimensional subspace of kn, it su�ces to give a basis of that subspace, which is a family
of p vectors in kn. Geometrically, this means that the subspace in question is seen as the
graph of a linear map A : kp → kn.

Take E ∈ Gr(p, n) and let (v1, . . . , vp) be a basis of E over k. Let M be the (n× p)-matrix
representing the coordinates of (v1, . . . , vp) in the canonical basis of kn. Since M has rank
p, there exists a (p× p)-submatrix of M with non-zero determinant: We set

J := {indices j1 < . . . < jp of the rows of that submatrix}
MJ := the submatrix in question.
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Note that if M ′ ∈ Mat(n × p, k) corresponds to a basis (v′1, . . . , v
′
p), there exists a matrix

g ∈ GL(p, k) such that M ′ =Mg. But then (M ′)J = (Mg)J =MJg, so

det (M ′)J = det (MJg) = det(MJ)det(g),

which is non-zero if and only if det(MJ) is non-zero. As a consequence, given a subset
J ⊆ {1, . . . , n} of cardinal p, there is a well-de�ned subset

GJ := {E ∈ G(p, n) | ∃M ∈ Mat(n× p, k), E = im M and det(MJ) ̸= 0} .

Moreover, if M satis�es the conditions E = im M and det(MJ) ̸= 0, then (MM−1
J )J = Ip

and im(MM−1
J ) = im M = E. In fact, if E ∈ GJ , there is a unique matrix N ∈ Mat(n×

p, k), such that E = im N and NJ = Ip, for if N1, N2 are two such matrices, the columns
of N2 are linear combinations of those of N1, thus ∃g ∈ GL(p, k) such that N2 = N1g. But
then

Ip = (N2)J = (N1g)J = (N1)Jg = g.

So, there is a well-de�ned map

φ̂J : GJ −→ Hom(kJ , kn)

E 7−→ N such that E = im N and NJ = Ip

whose image can be identi�ed to the subspace Hom(kJ , kJ
c

), where Jc is the complement
of J in {1, . . . , n}, via the map N 7→ NJc . Conversely, a linear map A ∈ Hom(kJ , kJ

c

)
determines a rank p map N ∈ Hom(kJ , kn) such that NJ = Ip via the formula N(x) =
x+Ax.

Geometrically, this means that the p-dimensional subspace im N ⊆ kn is equal to the graph
of A. This also means that we can think of GJ as the set

{E ∈ Gr(p, n) | E ∩ kJ
c

= {0kn}}.

The point is that im φ̂J = Hom(kJ , kJ
c

) can be canonically identi�ed with the a�ne space
kp(n−p) and that we have a bijection

φJ : GJ
≃−−→ Hom(kJ , kJ

c

) ≃ kp(n−p)

E 7−→ A | gr(A) = E

gr(A)←− [ A.

Note that the matrix N ∈ Mat(n×p, k) such that im N = E and NJ = Ip is row-equivalent

to

(
Ip
A

)
with A ∈ Mat((n− p)× p, k).

Now, if E ∈ GJ1 ∩ GJ2 , then, for all M ∈ Mat(p × n, k) such that im M = E, φ̂J1(E) =
MM−1

J1
and φ̂J2(E) =MM−1

J2
. So

im φ̂J1 =
{
N ∈ Hom(kJ1 , kn) | NJ1 = Ip, im NJ1 = E and det(NJ2) ̸= 0

}
= {N ∈ im φ̂J1 | det(NJ2) ̸= 0}

which is open in im φ̂J1 ≃ im φJ1 .

Moreover, for all N ∈ im φ̂J1 ,

φ̂J2 ◦ φ̂−1
J1

(N) = NN−1
J2

and, by Cramer's formulae, this is a regular function on im φ̂J1 .



2.6. EXAMPLES OF ALGEBRAIC VARIETIES 39

We have therefore constructed a covering

Gr(p, n) =
⋃

J⊆{1,...,n},#J=p

GJ

of the Grassmannian Gr(p, n) by subsets GJ that can be identi�ed to the a�ne variety
kp(n−p) via bijective maps φJ : Gj → kp(n−p) such that, for all (J1, J2), φJ1(GJ1 ∩GJ2) is
open in kp(n−p) and the map φJ2 ◦φ−1

J1
: φJ1(GJ1 ∩GJ2)→ φJ2(GJ1 ∩GJ2) is a morphism of

a�ne varieties. By the gluing theorem, this endows Gr(p, n) with a structure of algebraic
prevariety.

2.6.2 Vector bundles

De�nition 2.59. A vector bundle is a triple (E,X, π) consisting of two algebraic varieties E
and X, and a morphism π : E → X such that

(i) for x ∈ X, π−1({x}) is a k-vector space.

(ii) for x ∈ X, there exists an open neighbourhood U of x and an isomorphism of algebraic
varieties

Φ: π−1(U)
≃−−→ U × π−1({x})

such that

(a) pr1 ◦ Φ = π|π−1(U) and

(b) for y ∈ U , Φ|π−1({y}) : π
−1({y}) → {y} × π−1({x}) is an isomorphism of k-vector

spaces.

A morphism of vector bundles is a morphism of algebraic varieties f : E1 → E2 such that π2◦f =
π1 and f is k-linear in the �bres.

Remark 2.60. In practice, one often proves that a variety E is a vector bundle over X by
�nding a morphism π : E → X and an open covering

X =
⋃
i∈I

Ui

such that E|Ui
:= π−1(Ui) is isomorphic to Ui × kni for some integer ni, in such a way that, on

Ui ∩ Uj , the morphism

Φj ◦ Φ−1
i

∣∣∣
Φi(π−1(Ui∩Uj))

: (Ui ∩ Uj)× kni −→ (Ui ∩ Uj)× knj

is an isomorphism of algebraic varieties such that the following diagram commutes and Φj ◦Φ−1
i

is linear �brewise:

(Ui ∩ Uj)× kni (Ui ∩ Uj)× knj

Ui ∩ Uj

pr1

Φj◦Φ−1
i

pr1 .

In particular kni ≃ knj as k-vector spaces, so ni = nj if Ui ∩Uj ̸= ∅, and Φj ◦Φ−1
i is necessarily

of the form

(x, v) 7−→ (x, gji(x) · v)



40 CHAPTER 2. ALGEBRAIC VARIETIES

for some morphism of algebraic varieties

gji : Ui ∩ Uj −→ GL(n, k).

These maps (gij)(i,j)∈I×I then satisfy for x ∈ Ui ∩ Uj ∩ Ul

glj(x)gji(x) = gli(x)

and for x ∈ Ui, gii(x) = In.

Proposition 2.61. If π : E → X is a morphism of algebraic varieties and X has an open
covering (Ui)i∈I over which E admits local trivialisations

Φi : E|Ui = π−1(Ui)
≃−−→ Ui × kn

with pr1 ◦ Φi = π|π−1(Ui) such that the isomorphisms

Φj ◦ Φ−1
i : (Ui ∩ Uj)× kn −→ (Ui ∩ Uj)× kn

are linear in the �bres, then for all x ∈ X, π−1({x}) has a well-de�ned structure of k-vector
space and the local trivialisations (Φi)i∈I are linear in the �bres. In particular, E is a vector
bundle.

Proof. For x ∈ Ui and a, b ∈ π−1({x}), let

a+ λb := Φ−1
i (x, pr2(Φi(a)) + λpr2(Φi(b))).

By using the linearity in the �bres of Φj ◦ Φ−1
i , one veri�es that this does not depend on the

choice of i ∈ I.

Remark 2.62. Assume given an algebraic prevariety X obtained by gluing a�ne varieties

(Xi)i∈I along isomorphisms φji : Xij
≃−→ Xji de�ned on open subsets Xij ⊆ Xi, such that

Xii = Xi, φii = IdXi
and φlj ◦ φji = φli on Xij ∩Xil ⊆ Xi.

Recall that such an X comes equipped with a canonical map p :
⊔
i∈I → X such that pi :=

p|Xi : Xi → X is an isomorphism onto an a�ne open subset Ui := pi(Xi) ⊆ X and, if we set
φi = p−1

i , we have φj ◦ φ−1
i = φji on φi(Ui ∩ Uj).

Let us now consider the vector bundle Xi × kn on each of the a�ne varieties Xi and assume
that an isomorphism of algebraic prevarieties of the form

Φji : Xij × kn −→ Xji × kn

(x, v) 7−→ (φji(x), hji(x) · v)

has been given, where hij : Xij → GL(n, k) is a morphism of algebraic varieties, in such a way
that the following compatibility conditions are satis�ed:

Φii = IdXii×kn

and, for all (i, j, l) and all (x, v) ∈ (Xij ∩Xil)× kn

Φlj ◦ Φji(x, v) = Φli(x, v).

Then there is associated to this gluing data an algebraic vector bundle π : E → X, endowed with

local trivialisations Φi : E|Ui

≃−→ Ui × kn, where as earlier Ui = p(Xi) ⊆ X, in such a way that,
for all (i, j) and all (ξ, v) ∈ (Ui ∩ Uj)× kn,

Φj ◦ Φ−1
i (ξ, v) = (ξ, gji(ξ) · v)
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where gji(x) = hji(φi(ξ)) ∈ GL(n, k), so gii = In on Ui, and, for all (i, j, l) and all ξ ∈ Ui∩Uj∩Ul,

glj(ξ)gji(ξ) = hlj(φj(ξ))hji(φi(ξ))

= hlj(φji(φi(ξ)))hji(φi(ξ))

= hli(φi(ξ))

= gli(ξ).

Indeed, we can simply set

E :=

(⊔
i∈I

Xi × kn
)
/ ∼

where (x, v) ∼ (φji(x), hji(x)·v), and, by the gluing theorem, this de�nes an algebraic prevariety,
equipped with a morphism π : E → X induced by the �rst projection pr1 :

⊔
i∈I(Xi × kn) →⊔

i∈I Xi. The canonical map p̂ :
⊔
i∈I(Xi × kn)→ E makes the following diagram commute⊔

i∈I(Xi × kn) E

⊔
i∈I Xi X

pr1

p̂

π

p

and it induces an isomorphism of prevarieties

p̂|Xi×kn : Xi × kn
≃−→ E|p(Xi) = π−1(p(Xi))

such that π ◦ p̂|Xi×kn = p|Xi
◦pr1. Since p|Xi

is an isomorphism between Xi and the open subset
Ui = p(Xi) ⊆ X with inverse φi, the isomorphism p̂|Xi×kn induces a local trivialisation

Φi : E|Ui
−→ Ui × kn

w 7−→ (π(w), v)

where v is de�ned as above by p̂(x, v) = w. Note that p(x) = π(w) in this case, and that
π−1({π(w)}) ≃ kn via Φ|π−1({π(w)}). As the isomorphism of algebraic prevarieties

Φj ◦ Φ−1
i : (Ui ∩ Uj)× kn −→ (Ui ∩ Uj)× kn

thus de�ned is clearly linear �brewise, we have indeed constructed in this way a vector bundle
π : E → X, at least in the category of algebraic prevarieties.

Note that if the prevariety X obtained via the gluing of the Xi is a variety, then we can show
that E is actually a variety (because the product variety Ui × kn is separated). The rest of the
veri�cations, in particular the fact that for all (ξ, v) ∈ Ui ∩ Uj × kn

Φj ◦ Φ−1
i (ξ, v) = (ξ, hji(φi(ξ)) · v)

is left to the reader.

Exercise 2.63. Consider the set

E := {(ρ, v) ∈ kP1 × kP2 | v ∈ ρ}

and the canonical map π : E → kP1.
Show that E is a vector bundle on kP1 and compute its �cocycle of transition functions� g10

on the standard atlas (U0, U1) of kP1 with

φ10 : k \ {0} −→ k \ {0}

t 7−→ 1

t
.



Chapter 3

Hilbert's Nullstellensatz and

applications

3.1 Fields of de�nition

When k is an algebraically closed �eld, Hilbert's Nullstellensatz gives us a bijection between
algebraic subsets of kn and radical ideals in k[T1, . . . , Tn].

This correspondence induces an anti-equivalence of categories

{a�ne k-varieties} ←→ {�nitely-generated reduced k-algebras}
(X,OX) 7−→ OX(X)

Â = Homk−alg(A, k)←− [ A.

Lemma 3.1. Let k be algebraically closed and A a �nitely-generated k-Algebra. Then the map

Â = Homk-alg(A, k) −→ SpmA

ξ 7−→ ker ξ

is a bijection.

Proof. The map admits an inverse

SpmA −→ Homk-alg(A, k)

m 7−→ (A→ A/m).

This is well-de�ned, since A/m is a �nite extension of the algebraically closed �eld k, so k ≃
A/m.

Since we have de�ned a product on the left-hand side of the anti-equivalence, this must
correspond to coproduct on the right-hand side. Since the coproduct in the category of commutative
k-algebras with unit is given by the tensor product, we have

OX×Y (X × Y ) ≃ OX(X)⊗k OY (Y ).

Corollary 3.2. Let k be algebraically closed. Then the tensor product of two reduced (resp.
integral) �nitely-generated k-algebras is reduced (resp. integral).

Proof. This follows from the anti-equivalence of categories: Reduced since products of a�ne k-
varieties exist and integral since the product of two irreducible a�ne k-varieties is irreducible.

42
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Remark 3.3. 3.2 is false in general if k = k. For instance C is an integral R-algebra, but

C⊗R C = R[x]/(x2 + 1)⊗R C
= C[x]/(x2 + 1)

= C[x]/((x− i)(x+ i))

(∗)
≃ C[x]/(x− i)× C[x]/(x+ i)

≃ C× C

is not integral, where (∗) follows from the Chinese remainder theorem.

For a non-reduced example, consider k = Fp(t) and choose a p-th root α = t
1
p in Fp(t). Then

α ̸∈ k but αn ∈ k. If we put L = k(α), then α ⊗ 1 − 1 ⊗ α ̸= 0 in L ⊗k L since the elements
(αi ⊗ αj)0≤i,j≤p−1 form a basis of L⊗k L as a k-vector space, but

(α⊗ 1− 1⊗ α)p = αp ⊗ 1− 1⊗ αp = 1⊗ αp − 1⊗ αp = 0.

We now consider more generally �nitely generated reduced k-algebras when k is not necessarily
closed.

Example 3.4. Let A = R[X]/(x2 + 1). Since x2 + 1 is irreducible in R[x], it generates a
maximal ideal, thus the �nitely-generated R-algebra A is a �eld and in particular reduced. We
can equip the topogical space X := SpmA = {(0)} with a sheaf of regular functions, de�ned by
OX({(0)}) = A. In other words, SpmA is just a point, but equipped with the reduced R-algebra
A. It thus di�ers from the point SpmR, which is equipped with the reduced R-algebra R, since
R[x]/(x2 + 1) ̸≃ R as R-algebras. Indeed, the R-algebra R[x]/(x2 + 1) is 2 dimensional as a real
vector space.

A possesses a non-trivial R-algebra automorphism induced by the automorphism of R-algebras,
P 7→ P (−x) in R[x]. Indeed, R[x]/(x2 + 1) ≃ C as R-algebras, with the previous automorphism
corresponding to the complex conjugation z 7→ z.

Example 3.5. By analogy with the Zariski topology on maximal spectra of (�nitely generated,
reduced) C-algebras, we can equip X = SpmA with a Zariski topology for all (�nitely generated
reduced) R-algebras A: the closed subsets of this topology are given by

VX(I) := {m ∈ SpmA | m ⊃ I}

for any ideal I ⊆ A. Note that X = SpmA contains Â = Homk-alg(A, k) as a subset: the points

of Â correspond to maximal ideals m of A with residue �eld A/m ≃ k. But when k ̸≃ k, the
set SpmA is strictly larger than Â: it contains maximal ideals m such that A/m is a non-trivial
�nite extension of k. The induced topology on Â ⊆ SpmA is the Zariski topologoy of Â that
was introduced earlier.

Let A = R[x]. Maximal ideals in the principal ring R[x] are generated by a single irreducible
polynomial P , which is either of degree 1 or of degree 2 with negative discriminant.

In the �rst case, P = x− a for some a ∈ R and the residue �eld is R[x]/(x− a) ≃ R, while,
in the second case, P = x2 + bx+ c for b, c ∈ R and b2 − 4c < 0 and by choosing a root z0 of P
in C, the map

ηz0 : R[x]/(x2 + bx+ c) −→ C
P 7−→ P (z0)

is a �eld-homomorphism. In particular it is injective. Since C and R[x]/(x2 + bx + c) are both
degree 2 extensions of R, we have R[x]/(x2+ bx+ c) ≃ C. Note that the other root of x2+ bx+ c
is z0 and that ηz0 = σ ◦ ηz0 where σ is complex conjugation on C. So we have to ways to identify
R[x]/(x2 + bx+ c) to C and they are related by the action of Gal(C/R) on C.
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To sum up, the di�erence between the two possible types of maximal ideals m ⊆ R[x] is the
residue �eld, which is either R or C. When it is R, we �nd exactly the points of

R̂[x] = HomR-alg(R[x],R)
≃ {m ∈ SpmR[x] | R[x]/m ≃ R}
≃ {(x− a) : a ∈ R}
≃ R.

And when the residue �eld is C, we have m = (x2 + bx+ c) with b, c ∈ R such that b2 − 4c < 0.
If we choose z0 to be the root of x2 + bx + c with Im(z0) > 0, we can identify the set of these
maximal ideals with the subset

H := {z ∈ C | Im(z) > 0}.

In other words, the following pictures emerges, where we identify SpmR[x] with

Ĥ := {z ∈ C | Im(z) ≥ 0}

via the map

SpmR[x] −→ Ĥ

m 7−→

{
a ∈ R m = (x− a)
z0 ∈ H m = ((x− z0)(x− z0)) and Im(z0) > 0

which is indeed bijective. We see that SpmR[x] contains a lot more points that R. One could
go further and add the ideal (0): This would give the set

A1
R = SpecR[x] = SpmR[x] ∪ {(0)}.

Remark 3.6. If A is a k-algebra and k is an algebraic closure of k, the group Autk(k) acts on
the k-algebra Ak := A⊗k k via σ(a⊗ λ) := a⊗ σ(λ). Moreover, the map a 7→ a⊗ 1 induces an

injective morphism of k-algebras A ↪−→ A ⊗k k since the tensor product over �elds is left-exact.
Its image is contained in the k-subalgebra FixAutk(k)

Ak ⊆ Ak. When k is a perfect �eld, this
inclusion is an equality.

Example 3.7. If A = R[x], then A ⊗R C ≃ C[x]. The group AutR(C) = Gal(C/R) = ⟨σ⟩
with σ : z 7→ z, acts naturally on C[x]. This is an action by R-algebra automorphisms. Clearly,
Fix⟨σ⟩C[x] = R[x]. There is an induced action on SpmC[x], de�ned by

σ(m) = σ((x− z)) := (x− σ(z)) = (x− z).

When we identify SpmC[x] with C via (x − z) 7→ z, this action is just z 7→ z. This �geometric
action� induces an action of Gal(C/R) on regular functions on C: to h ∈ OC(U), there is
associated a regular function h ∈ OC(σ(U)), de�ned for all x ∈ σ(U), by

σ(h)(z) := σ ◦ h ◦ σ−1(z) = h(z).

In particular, if h = P ∈ OC(C) = C[x], then P 7→ σ(P ) coincides with the natural Gal(C/R)
action on C[x]. We will see momentarily that this de�nes a sheaf of R-algebras on SpmR[x]. To
that end, let us �rst look more closely at the Gal(C/R) action on SpmC[x]. Its �xed-point set is

{m ∈ SpmC[x] | m = (x− a), a ∈ R} ≃ R = Fixz 7→z(C).

Moreover, there is a map

SpmC[x] −→ SpmR[x]
m 7−→ m ∩ R[x]
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R

z0

π
R

π(z0)

Figure 3.1: The quotient map π : SpmC[x]→ SpmR[x] is geometrically a folding.

sending (x− a)C[x] to (x− a)R[x] if a ∈ R, and (x− z)C[x] to (x− z)(x− z)R[x] if z ∈ C \ R.
This map is surjective and induces a bijection

(SpmC[x])/Gal(C/R) ≃−−→ SpmR[x].

Geometrically, the quotient map π : SpmC[x]→ SpmR[x] is the �folding map�

C −→ Ĥ

z = u+ iv 7−→ u+ i|v|.

In view of this, it is natural to

(i) put the quotient topology on

SpmR[x] = (SpmC[x]) /Gal(C/R)

where SpmC[x] ≃ C is equipped with its topology of algebraic variety.

(ii) de�ne a sheaf of R-algebras on SpmR[x] by pushing-forward the structure sheaf on SpmC[x]
and then taking the Gal(C/R)-invariant subsheaf:

OSpmR[x](U) := OSpmC[x](π
−1(U))Gal(C/R)

where π : SpmC[x] → SpmR[x], m 7→ m ∩ R[x] is the quotient map, and Gal(C/R) acts
on OSpmC[x](π

−1(U)) via h 7→ σ(h) = σ ◦ h ◦ σ−1 (note that the open set π−1(U) is
Gal(C/R)-invariant).

Observe that
OSpmR[x](SpmR[x]) = C[x]Gal(C/R) = R[x].

Also, if h = f
g around x ∈ U , then, around σ(x) ∈ U , one has σ(h) = σ(f)

σ(g) and, for all λ ∈ C,
σ(λh) = λσ(h).

Remarkably, we will see that we can reconstruct the algebraic C-variety

(XC,OXC) := (SpmC[x],OSpmC[x])

from the ringed space
(X,OX) := (SpmR[x],OSpmR[x]

that we have just constructed.



Chapter 4

Real algebra

4.1 Ordered �elds and real �elds

De�nition 4.1. An ordered �eld is a pair (k,≤) consisting of a �eld k and an order relation ≤
such that

(i) ≤ is a total order: if x, y ∈ k, then x ≤ y or y ≤ x.

(ii) ≤ is compatible with addition in k: if x, y, z ∈ k, then x ≤ y implies x+ z ≤ y + z.

(iii) ≤ is compatible with multiplication in k: if x, y ∈ k, then 0 ≤ x and 0 ≤ y implies 0 ≤ xy.

A morphism between two ordered �elds (k,≤) and (L,≤) is a �eld homomorphism φ : k → L
such that x ≤ y in k implies φ(x) ≤ φ(y) in L.

Example 4.2. (1) The �elds Q and R, equipped with their usual orderings, are ordered �elds.

(2) The �eld C can be equipped with a total ordering (the �lexicographic order�) but not with
a structure of ordered �eld.

(3) The �eld R(t) of rational fractions with coe�cients in R, can be equipped with a structure
of ordered �eld in multiple ways:

Fix an x ∈ R and, for all polynomial P ∈ R[t], use Taylor expansion at x to write

P (t) = ap(t− x)p + higher order terms.

with ap ̸= 0, then de�ne P (t) >x+ 0 if ap > 0, i.e. if the function t 7→ P (t) is positive on

a small interval (x, x + ε). Set also P (t)
Q(t) >x+ 0 if P (t)Q(t) >x+ 0, and de�ne f ≤x+ g in

R(t) if either f = g or g − f >x+ 0. Equivalently f ≤x+ g in R(t) if either f = g or g − f
is positively-valued on (x, x+ ε) for ε > 0 small enough.

It is clear that this is a total ordering on R(t), and that this ordering is compatible with
addition and multiplication in the sense of the de�nition of an ordered �eld. Moreover,
the substitution homomorphism h(t) 7→ h(t− x) induces an isomorphism of ordered �elds

(R(t),≤0+)
≃−−→ (R(t),≤x+), since a function t 7→ h(t− x) is positively-valued on (x, x+ ε)

if and only if the function t 7→ h(t) is positively valued on (0, ε).

Note that we can also de�ne orderings on R(t) by setting f ≤x− g if either f = g or g − f
is positively-valued on (x− ε, x), for ε > 0 small enough. The substitution homomorphism

h(t) 7→ h(−t) induces an isomorphism of ordered �elds (R(t),≤0−)
≃−−→ (R(t),≤0+).

Remark 4.3. The ordered �eld (R(t),≤0+) is non-Archimedean: the element t is in�nitely
small with respect to any real δ > 0 in the sense that for all n ∈ N, nt < δ (indeed t 7→ nt − δ
is negatively-valued on (0, ε) for ε > 0 small enough). Equivalently, 1

t is in�nitely large with
respect to 0 < δ ∈ R in the sense that 1

t > nδ for all n ∈ N.

46
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Proposition 4.4. Let (k,≤) be an ordered �eld and x, y, z ∈ k. Then the following properties
hold:

(a) x ≥ 0 or −x ≥ 0.

(b) −1 < 0 and 1 > 0.

(c) k is of characteristic 0.

(d) if x < y and z > 0, then xz < yz.

(e) if x < y and z < 0, then xz > yz.

(f) xy ≥ 0 if and only if x and y have the same sign.

(g) x2 ≥ 0 and, if x ̸= 0, then x and 1
x have the same sign.

(h) if 0 < x ≤ y, then 0 < 1
y ≤

1
x .

Proof. Elementary veri�cations.

It turns out that it is possible to characterise ordered �elds without explicitly mentioning the
order relation, using cones of positive elements.

De�nition 4.5. Let k be a �eld. A cone in k is a subset P ⊆ k such that for all x, y ∈ P and
z ∈ k:

(i) x+ y ∈ P

(ii) xy ∈ P

(iii) z2 ∈ P

A cone P ⊆ k is called a positive cone if, additionally, one has:

(iv) −1 ̸∈ P

Proposition 4.6. Let k be a �eld. Assume that there exists a positive cone P ⊆ k. Then:

(i) 0 ∈ P and 1 ∈ P .

(ii) k is of characteristic 0.

(iii) P ∩ (−P ) = {0}

Proof. (i) 0 = 02 ∈ P and 1 = 12 ∈ P by axiom (iii).

(ii) Since 1 ∈ P , by induction and axiom (i), n · 1 = 1 + . . .+ 1︸ ︷︷ ︸
n times

∈ P for all n ∈ N. Assume

that there exists n ∈ N, such that n · 1 = 0 in k. Since 1 ̸= 0 in k, it follows n ≥ 2 so,

−1 = 0− 1 = n · 1− 1 = (n− 1) · 1 ∈ P,

which contradicts axiom (iv).

(iii) Assume that there exists x ∈ P ∩ (−P ) \ {0}. In particular x ̸= 0 and −x ∈ P . So

−x2 = (−x)x ∈ P by axiom (ii) and 1
x2 =

(
1
x

)2 ∈ P by axiom (iii). Again by axiom (ii)

−1 =
1

x2
(−x2) ∈ P

which contradicts axiom (iv).
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Given a positive cone P in a �eld k, let us set P+ = P \ {0} and P− = (−P ) \ {0} = −P+.
Then we have a disjoint union

P− ⊔ {0} ⊔ P+ ⊆ k.

Note that P+ satis�es axioms (i) and (ii) of the de�nition of a cone, as well as the property that
x ∈ k \ {0} =⇒ x2 ∈ P+.

We now prove that positive curves can be enlarged, that the resulting notion of maximal
positive cone satis�es P ∪ (−P ) = k, and that this de�nes a structure of ordered �eld on k by
setting x ≤ y if and only if y − x ∈ P .

Lemma 4.7. Assume that P is a positive cone in a �eld k. If a ∈ k \ P ∪ (−P ), then the set

P [a] := {x+ ay ∈ k : x, y ∈ P}

is a positive cone in k, satisfying P ⊊ P [a].

Proof. Let x, y, x′, y′ ∈ P . Then

(x+ ay) + (x′ + ay′) = x+ x′ + a(y + y′) ∈ P [a]

and

(x+ ay)(x′ + ay′) = xx′ + a2yy′ + a(xy′ + x′y) ∈ P [a].

Moreover z2 ∈ P ⊆ P [a] for all z ∈ k.
Now assume −1 = x + ay for some x, y ∈ P . If y = 0, then −1 = x ∈ P which is a

contradiction. Thus y ̸= 0 and

−a =
1 + x

y
=

(
1

y

)2

y(1 + x) ∈ P,

which contradicts the assumption on a. Finally, we have P ⊆ P [a] and, if P [a] ⊆ P then a ∈ P ,
again contradicting the assumption on a. So P ⊊ P [a].

Proposition 4.8. Let P be the set of positive cones of a �eld k ordered by inclusion. If P ≠ ∅,
then P admits a maximal element and such an element P satis�es P ∪ (−P ) = k.

Proof. To obtain a maximal element of P, by Zorn's lemma, it su�ces to show, that every chain
(Pi)i∈I in P has an upper bound. We set

P =
⋃
i∈I

Pi ⊆ k.

One veri�es immediately that P is a positive cone and an upper bound of the chain (Pi)i∈I .
Let P be such a maximal element. If there exists a ∈ k \ P ∪ (−P ), then by 4.7 P ⊊ P [a]

contradicts the maximality of P . Thus P ∪ (−P ) = k.

Proposition 4.9. Let k be a �eld and denote by

Σk[2] :=

{
y ∈ k | ∃(ax)x∈k ∈ {0, 1}(k), y =

∑
x∈k

axx
2

}

the set of sums of squares in k. Then Σk[2] is a cone and −1 ̸∈ Σk[2] if and only if for all
x1, . . . , xn ∈ k:

x21 + . . .+ x2n = 0 =⇒ x1 = . . . = xn = 0.
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Proof. One veri�es immediately that Σk[2] is a cone in k. If −1 ∈ Σk[2], then −1 = x21+ . . .+x2n
for some xi ∈ k. Thus

0 =

n∑
i=1

x2i + 1

but 1 = 12 and 1 ̸= 0. Conversely let 0 =
∑n
i=1 x

2
i with x1 ̸= 0. Then

−1 =
1

x21

n∑
i=2

x2i =

n∑
i=2

(
xi
x1

)2

∈ Σk[2].

De�nition 4.10. A �eld k is called a real �eld if −1 ̸∈ Σk[2], or equivalently if
∑n
k=1 x

2
i = 0 in

k implies xk = 0 for all k.

Corollary 4.11. Let k be a �eld. k is real if and only if k contains a positive cone.

Proof. (⇒): By 4.9 Σk[2] is a positive cone. (⇐): Let P be a positive cone. Since P is closed
under addition and for all z ∈ k : z2 ∈ P , Σk[2] ⊂ P . Since P is positive, −1 ̸∈ Σk[2].

Proposition 4.12. Let (k,≤) be an ordered �eld. Then the set

P := {x ∈ k | x ≥ 0}

is a maximal positive cone in k. In particular, k is a real �eld. Conversely, if k is a real �eld
and P is a maximal positive cone in k, then the relation x ≤P y if y−x ∈ P is an order relation
and (k,≤P ) is an ordered �eld.

Proof. (⇒): Let (k,≤) be an ordered �eld. Then by de�nition and 4.4, P is a maximal positive
cone.

(⇐): Let P be a maximal positive cone in k. Since 0 ∈ P , we have x ≤P x. Suppose that
x ≤P y and y ≤P x. Then y − x ∈ P ∩ (−P ) = {0}, so x = y. Moreover, if x ≤P y and y ≤P z,
then z − x = (z − y) + (y− x) ∈ P . Thus x ≤P z, hence ≤P is an order relation. Moreover, it is
a total order, because if x, y ∈ k, then y − x ∈ k = P ∪ (−P ), so either x ≤P y or y ≤P x.

Finally, this total order on k is compatible with addition and multiplication because x ≤P y
and z ∈ k implies (y + z)− (x+ z) = y − x ∈ P , so x+ z ≤P y + z, and x ≥P 0, y ≥P 0 means
that x ∈ P and y ∈ P , so xy ∈ P , hence xy ≥P 0.

Corollary 4.13. Let k be a �eld. Then k admits a structure of ordered �eld if and only if k is
real.

4.2 Real-closed �elds

In this section we study real algebraic extensions of real �elds.

Lemma 4.14. Let k be a real �eld and x ∈ k \ {0}. Then x and −x cannot be both sums of
squares in k.

Proof. If x ∈ Σk[2] and −x ∈ Σk[2], then

1 =
1

x2
(−x)x ∈ Σk[2]

contradicting that k is real.
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Proposition 4.15. Let k be a real �eld and a ∈ k such that a is not a square in k. Then the
�eld

k(
√
a) = k[t]/(t2 − a)

is real if and only if −a ̸∈ Σk[2]. In particular, if Σk[2] ∪ (−Σk[2]) ̸= k, then k admits real
quadratic extensions.

Proof. Since a is not a square in k, t2 − a is irreducible in k[t], so k[t]/(t2 − a) is indeed a �eld.
Denote by

√
a the class of t in the quotient.

(⇒): a is a square in k(
√
a), thus by 4.14 we have −a ̸∈ Σk(

√
a)2. But Σk[2] ⊆ Σk(

√
a)[2],

thus −a ̸∈ Σk(
√
a)[2].

(⇐): −1 ∈ Σk(
√
a)[2] if and only if there exist xi, yi ∈ k, such that

−1 =

n∑
i=1

(xi + yi
√
a)2 =

n∑
i=1

(x2i + ay2i ) + 2
√
a

n∑
i=1

xiyi.

Since (1,
√
a) is a basis of the k-vector space k(

√
a), the previous equality implies

−1 =

n∑
i=1

x2i + a

n∑
i=1

y2i .

Since −1 ̸∈ Σk[2],
∑n
i=1 y

2
i ̸= 0, this implies

−a =
1 +

∑n
i=1 x

2
i∑n

i=1 y
2
i

=

(∑n
i=1 y

2
i

) (
1 +

∑n
i=1 x

2
i

)
(
∑n
i=1 y

2
i )

2 ∈ Σk[2].

Simple extensions of odd degree are simpler from the real point of view:

Proposition 4.16. Let k be a real �eld and P ∈ k[t] be an irreducible polynomial of odd degree.
Then the �eld k[t]/(P ) is real.

Proof. Denote by n the degree of P . We proceed by induction on n ≥ 1. If n = 1, then
k[t]/(P ) ≃ k is real. Since n is odd, we may now assume n ≥ 3. Let L := k[t]/(P ). Suppose L is
not real. Then there exist polynomials gi ∈ k[t], of degree at most n−1, such that −1 =

∑m
i=1 g

2
i

in L = k[t]/(P ). Since k ⊆ L and k is real, at least one of the gi is non-constant. By de�nition
of L, there exists Q ∈ k[t] \ {0} such that

−1 =

m∑
i=1

g2i + PQ (4.1)

in k[t]. Since k is real, in
∑m
i=1 g

2
i no cancellations of the terms of highest degree can occur. Thus∑m

i=1 g
2
i is of positive, even degree at most 2n− 2. By 4.1, it follows that Q is of odd degree at

most n− 2. In particular, Q has at least one irreducible factor Q1 of odd degree at most n− 2.
Since n ≥ 3, n− 2 ≥ 1. By induction, M := k[t]/(Q1) is real. But 4.1 implies

−1 =

m∑
i=1

g2i

in M = k[t]/(Q1) contradicting the fact that M is real.

De�nition 4.17. A real-closed �eld is a real �eld that has no proper real algebraic extensions.

Theorem 4.18. Let k be a �eld. Then the following conditions are equivalent:

(i) k is real-closed.



4.2. REAL-CLOSED FIELDS 51

(ii) k is real and for all a ∈ k, either a or −a is a square in k and every polynomial of odd
degree in k[t] has a root in k.

(iii) the k-algebra
k[i] := k[t]/(t2 + 1)

is algebraically closed.

.

Proof. (i)⇒(ii): Let a ∈ k such that neither a nor −a is a square in k. Then by 4.15 and (i),
±a ∈ Σk[2] contradicting 4.14. Let P ∈ k[t] be a polynomial of odd degree. P has at least
one irreducible factor P1 of odd degree. By 4.16, k[t]/(P1) is a real extension of k. Since k is
real-closed, P1 must be of degree 1 and thus P has a root in k.

(ii)⇒(iii): Since −1 is not a square in k, the polynomial t2 + 1 is irreducible over k. Thus
L := k[t]/(t2 +1) is a �eld. Denote by i the image of t in L and for x = a+ ib ∈ L = k[i], denote
by x = a− ib. This extends to a ring homomorphism L[t]→ L[t]. Let P ∈ L[t] be non-constant.
It remains to show, that P has a root in L. We �rst reduce to the case P ∈ k[t].

Assume every non-constant polynomial in k[t] has a root in L. Let P ∈ L[t]. Then PP ∈ k[t]
has a root x ∈ L, thus either P (x) = 0 or P (x) = 0. In the �rst case, we are done. In the second

case, we have P (x) = P (x) = 0 = 0, so x is a root of P in L.
Thus we may assume P ∈ k[t]. Write d = deg(P ) = 2mn with 2 ∤ n. We proceed by induction

on m. If m = 0, the result is true by (ii). Now assume m > 0. Fix an algebraic closure k of k.
Since k is real, it is of characteristic 0, thus k is perfect and k/k is galois. Let y1, . . . , yd be the
roots of P in k. Consider for all r ∈ Z:

Fr :=
∏

1≤p<q≤d

(t− (yp + yq)− rypyq)) ∈ k[t].

This polynomial with coe�cients in k is invariant under permutation of y1, . . . , yd. Thus its

coe�cients lie in k
Gal(k/k)

= k. Moreover

deg(Fr) =

(
d

2

)
=
d(d− 1)

2
= 2m−1n(2m − 1).

with n(2m − 1) odd. So the induction hypothesis applies and, for all r ∈ Z, there is a pair p < q
in {1, . . . , d} such that (yp + yq) + rypyq ∈ L. Since Z is in�nite, we can �nd a pair p < q in
{1, . . . , d} for which there exists a pair r ̸= r′ such that

(yp + yq) + rypyq ∈ L
and (yp + yq) + r′ypyq ∈ L.

By solving the system, we get yp + yq ∈ L and ypyq ∈ L. But yp, yq are roots of the quadratic
polynomial

t2 − (yp + yq)t+ ypyq ∈ L[t]
and since i2 = −1, the roots of this polynomial lie in L = k[i], by (ii) and the usual formulas

t1,2 =
−b±

√
b2 − 4ac

2a
.

So P indeed has a root in k[i], which �nishes the induction.
(iii)⇒(i): Denote again by i the image in the algebraically closed �eld k[t]/(t2 + 1). We �rst

show that k[2] = Σk[2]. Let a, b ∈ k. Then a+ ib = (c+ id)2 in k[i] for some c, d ∈ k. Thus

a2 + b2 = (a+ ib)(a− ib) = (c+ id)2(c− id)2 = (c2 + d2)2.

By induction the claim follows. Since t2 + 1 is irreducible, −1 ̸∈ k[2] = Σk[2] and k is real.
Let L be a real algebraic extension of k. Since k[i] is algebraically closed and contains k,

there exists a k-homomorphism L ↪−→ k[i]. Since [k[i] : k] = 2, either L = k or L = k[i], but k[i]
is not real, since i2 = −1 in k[i]. So L = k and k is real-closed.
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Corollary 4.19. A real-closed �eld k admits a canonical structure of ordered �eld, in which the
cone of positive elements is exactly k[2], the set of squares in k.

Proof. This was proven in the implication (i)⇒(ii) of 4.18.

Example 4.20. � R is a real-closed �eld, because R[i] = C is algebraically closed.

� The �eld of real Puiseux series

R̂(t) :=
⋃
q>0

R((t
1
q )) =

{ ∞∑
n=m

ant
n
q : m ∈ Z, q ∈ N \ {0}, an ∈ R

}

is a real closed �eld because R̂(t)[i] = R̂[i][t] = Ĉ[t] is the �eld of complex Puiseux series,
which is algebraically closed by the Newton-Puiseux theorem.

Remark 4.21. By 4.18, if k is a real-closed �eld, then the absolute galois group of k is

Gal(k/k) = Gal(k[i]/k) ≃ Z/2Z.

The Artin-Schreier theorem shows that if k/k is a non-trivial extension of �nite degree, then k
is real-closed.

4.3 Extensions of ordered �elds

If a �eld k admits a structure of ordered �eld, we will say that k is orderable. For an ordered
�eld k, an extension L/k is called oderable if the �eld L is orderable such that the induced order
on k coincides with the �xed order on k.

De�nition 4.22. Let k be a �eld. A quadratic form q : kn → k is called isotropic if there exists
x ∈ k \ {0} such that q(x) = 0. Otherwise, the quadratic form is called anisotropic.

Remark 4.23. Recall that, given a quadratic form q on a �nite-dimensional k-vector space E,
there always exists a basis of E in which q(x1, . . . , xn) = a1x

2
1 + . . . + arx

2
r, where r = rg(q) ≤

n = dim E and a1, . . . , ar ∈ k. The form q is non-degenerate on E if and only if r = dim E.

Example 4.24. � A �eld k is real if and only if for all n ∈ N, the form x21 + . . . + x2n is
anisotropic.

� A degenerate quadratic form is isotropic.

� If k is algebraically closed and n ≥ 2, all quadratic forms on kn are isotropic.

� If (k,≤) is an ordered �eld and q(x1, . . . , xn) = a1x
2
1+ . . .+anx

2
n with ai > 0 for all i, then

q and −q are anisotropic on kn.

De�nition 4.25. Let k be a �eld and L an extension of k. A quadratic form q : kn → k induces
a quadratic form qL : L

n → L. The form q is called anisotropic over L if qL is anisotropic.

It can be checked that, on an ordered �eld (k,≤), a quadratic form q is anisotropic if and
only if it is non-degenerate and of constant sign. The interest of this notion for us is given by
the following result.

Theorem 4.26. Let (k,≤) be an ordered �eld and L be an extension of k. Then the following
conditions are equivalent:

(i) The extension L/k is orderable.

(ii) For all n ≥ 1 and all a = (a1, . . . , an) ∈ kn such that ai > 0 for all i, the quadratic form
q(x1, . . . , xn) = a1x

2
1 + . . .+ anx

2
n is anisotropic over L (i.e. all positive de�nite quadratic

forms on k are anisotropic over L).
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Proof. (i)⇒(ii): Assume that there is an ordering of L that extends the ordering of k and let
n ≥ 1. Let a = (a1, . . . , an) ∈ kn with ai > 0 for all i. Then ai > 0 still holds in L. Since squares
are non-negative for all orderings, the sum a1x

2
1 + . . . + anx

2
n is a sum of positive terms in L.

Therefore it can only be 0, if all of its terms are 0. Since ai ̸= 0, it follows xi = 0 for all i.
(ii)⇒(i): De�ne

P =
⋃
n≥1

{
n∑
i=1

aix
2
i : ai ∈ k, ai > 0, xi ∈ L

}
.

The set P is stable by sum and product and contains all squares of L, so it is a cone in L.
Suppose −1 ∈ P . Then there exists n ≥ 1 and a = (a1, . . . , an) ∈ kn with ai > 0 and
x = (x1, . . . , xn) ∈ Ln such that −1 =

∑n
i=1 aix

2
i . So

a1x
2
1 + . . .+ anx

2
n + 1 = 0,

meaning that the quadratic form a1x
2
1+ . . .+anx

2
n+x

2
n+1 is isotropic on L

n+1, contradicting (ii).
Thus P is a positive cone containing all positive elements of k. By embedding P in a maximal
positive cone, the claim follows.

Proposition 4.27. Let (k,≤) be an ordered �eld and let c > 0 be a positive element in k. Then
k[
√
c] is an orderable extension of k.

Proof. If c is a square in k, there is nothing to prove. Otherwise, k[
√
c] is indeed a �eld. Let

n ≥ 1 and let a = (a1, . . . , an) ∈ kn with ai > 0 for all i. Assume that x = (x1, . . . , xn) ∈ k[
√
c]n

satis�es
a1x

2
1 + . . .+ anx

2
n = 0.

Since xi = ui + vi
√
c for some ui, vi ∈ k, we can rewrite this equation as

n∑
i=1

ai(u
2
i + cv2i ) + 2

n∑
i=1

uivi
√
c = 0.

Since 1 and
√
c are linearly independent over k, we get

∑n
i=1 ai(u

2
i + cv2i ) = 0, hence ui = vi = 0

for all i, since all terms in the previous sum are non-negative. So xi = 0 for all i and (ii) of 4.26
is satis�ed.

Proposition 4.28. Let (k,≤) be an ordered �eld and let P ∈ k[t] be an irreducible polynomial
of odd degree. Then the �eld L := k[t]/(P ) is an orderable extension of k.

Proof. Denote by d the degree of P and proceed by induction on d ≥ 1. If d = 1, then L = k.
Now assume d ≥ 2. Let n ≥ 1 and a1, . . . , an ∈ k with ai > 0. Denote by qL the quadratic form

qL(x1, . . . , xn) = a1x
2
1 + . . .+ anx

2
n

on Ln. If qL is isotropic over L, then there exist polynomials g1, . . . , gn ∈ k[t] with deg(gi) < d
and h ∈ k[t] such that

qL(g1, . . . , gn) = hP (4.2)

Let g be the greatest common divisor of g1, . . . , gn. Since qL is homogeneous of degree 2, g2

divides qL(g1, . . . , gn). Since P is irreducible, g divides h. We may thus assume that g = 1. The
leading coe�cients of the terms on the left hand side of (4.2) are non-negative, thus the sum has
even degree < 2d. Since the degree of P is odd, h must be of odd degree < d. Therefore, h has
an irreducible factor h1 ∈ k[t] of odd degree. Let α be a root of h1. By evaluating (4.2) at α, we
get

qk[α](g1(α), . . . , gn(α)) = 0

in k[α]. Since the gcd(g1, . . . , gn) = 1 and k[t] is a principal ideal domain, there exist h1, . . . , hn ∈
k[t] such that

h1g1 + . . .+ hngn = 1.



54 CHAPTER 4. REAL ALGEBRA

In particular
h1(α)g1(α) + . . .+ hn(α)gn(α) = 1,

so not all gi(α) are 0 in k[α]. Thus qk[α] is isotropic over k[α] = k[t]/(h1) contradicting the
induction hypothesis.

4.4 Counting real roots

In this section, we will study Sturm's method of counting the number of roots of a separable
polynomial with coe�cients in a real-closed �eld L.

Lemma 4.29. Let (k,≤) be an ordered �eld and let P ∈ k[t] be a separable polynomial. Assume
that P has a root a ∈ k. Then there exists δ > 0 such that

(i) for x ∈ ]a− δ, a+ δ[ and x ̸= a, P (x) ̸= 0.

(ii) for x ∈ ]a, a+ δ[, P (x) and P ′(x) have the same sign.

(iii) for x ∈ ]a− δ, a[, P (x) and P ′(x) have opposite signs.

(iv) for x ∈ ]0, δ[, P (a+ h) and P (a− h) have opposite signs.

Proof. Since P is separable and P (a) = 0, it follows that P ′(a) ̸= 0. By continuity of P ′, there
exists δ > 0 such that P ′ has constant sign on ]a− δ, a+ δ[. Suppose P ′(x) > 0. Since k is real-
closed, this implies that P is strictly increasing on this interval. In particular, P (x) < P (a) = 0
for x ∈ ]a − δ, a[ and P (x) > P (a) = 0 for x ∈ ]a, a + δ[. The case P ′(x) < 0 is similar which
concludes the proof.

De�nition 4.30. Let (k,≤) be an ordered �eld. A �nite sequence (P0, . . . , Pn) of polynomials
Pi ∈ k[t] is called a Sturm sequence if it satis�es the following properties:

(i) P1 = P ′
0

(ii) for all x ∈ k and i ∈ {0, . . . , n}, if Pi(x) = 0, then Pi+1(x) ̸= 0.

(iii) for all x ∈ k and all i ∈ {1, . . . , n− 1}, if Pi(x) = 0 then Pi−1(x)Pi+1(x) < 0.

(iv) Pn ∈ k×.

If P ∈ k[t] is separable and k has characteristic 0, then the greatest common divisor of P and P ′

is 1. To determine a Bézout relation between P and P ′, one proceeds by successive Euclidean
divisions:

First set P0 = P and P1 = P ′, next de�ne P2 such that P0 = P1Q1 − P2 and deg(P2) <
deg(P1). Inductively, this de�nes Pi = Pi+1Qi+1 − Pi+2 with deg(Pi+2) < deg(Pi+1). This
algorithm stops after at most deg(P0) steps with Pn−1 = PnQn and Pn ̸= 0. Then Pn is a
greatest common divisor of P = P0 and P ′ = P1. Since P and P ′ are coprime, Pn is a non-zero
constant.

Corollary 4.31. The sequence of polynomials (P0, . . . , Pn) is a Sturm sequence. This is called
the to P associated Sturm sequence.

Proof. (i) and (iv) are clear. For (ii) observe that if there exists x ∈ k and i ∈ {0, . . . , n} such
that Pi(x) = Pi+1(x) = 0, then Pj(x) = 0 for all j ≥ i which contradicts Pn(x) = Pn ̸= 0.
Finally for (iii), if Pi(x) = 0, then Pi−1(x) = −Pi+1(x), so Pi−1(x) and Pi+1(x) have opposite
signs.

Remark 4.32. Let (k,≤) be an ordered �eld. For a �nite sequence of elements (a0, . . . , an) in k
with a0 ̸= 0, the number of sign changes in this sequence is the number of pairs (i, j) such that
i < j, ai ̸= 0 and aiaj < 0 with either j = i+ 1 or j > i+ 1 and ai+1 = . . . = aj−1 = 0.
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Theorem 4.33 (Sturm's algorithm). Let k be a real-closed �eld equipped with its canonical
ordering and let P ∈ k[t] be a separable polynomial. Let (P0, . . . , Pn) be the associated Sturm
sequence. For all a ∈ k, we denote by ν(a) the number of sign changes in the sequence (P0(a), . . . , Pn(a)).
Then, for all pair a, b ∈ k such that a < b and Pi(a)Pi(b) ̸= 0 for all i, the number of roots of P
in the interval [a, b] is equal to ν(a)− ν(b).

Proof. Let x1 < . . . < xm be the elements of the �nite set

E = {x ∈ ]a, b[| ∃i ∈ {0, . . . , n}, Pi(x) = 0}.

There exists a partition of [a, b] in subintervals [αj , αj+1] where α0 = a, αm = b, and for all
j ∈ {0, . . . ,m− 1}, αj ̸∈ E, [αj , αj+1] ∩ E = {xj}. Also

m−1∑
j=0

(ν(αj)− ν(αj+1)) = ν(α0)− ν(α1) + ν(α1)− . . .− ν(αm) = ν(a)− ν(b).

Thus it su�ces to show that for �xed j ∈ {0, . . . ,m− 1}, the number of roots of P in [αj , αj+1]
is equal to ν(αj) − ν(αj+1). By construction, P has at most one root in [αj , αj+1], at xj , thus
we want to show

ν(αj)− ν(αj+1) =

{
0 P (xj) ̸= 0

1 P (xj) = 0
.

If P (xj) = 0, then P (αj) and P (αj+1) must have opposite sign. Indeed, by 4.29 P (xj+h)P (xj−
h) < 0 for all h > 0 small enough, but P cannot change sign on [αj , xj −h] nor on [xj +h, αj+1],
for otherwise the intermediate value theorem would imply the existence of a root x ̸= xj in
[αj , αj+1]. So P (αj)P (αj+1) < 0. If P (αj) > 0, then P (αj+1) < 0. With P1 = P ′ and 4.29,
it follows that P1(x) < 0 for x close to xj . But P1 cannot change sign in [αj , αj+1], otherwise
its root in that interval would be xj . Since P is separable and P1 = P ′, this is impossible.
Thus P ′ < 0 and P is strictly decreasing on [αj , αj+1]. So the sequence of signs in the sequence
(P0(αj), P1(αj), . . . , Pn(αj)) starts with (+,−, . . .) while the one at αj+1 starts with (−,−, . . .).
Similarly, if P (αj) < 0, then the sequences are (−,+, . . .) and (+,+, . . .). In either case, there is
one more sign change in the sequence corresponding to αj , so ν(αj)− ν(αj+1) = 1.

Now suppose P (xj) ̸= 0. Observe that P0(αj) and P0(αj+1) have the same sign, otherwise
by the intermediate value theorem and the construction, P0(xj) = 0. Also a di�erence between
ν(αj) and ν(αj+1) only occurs if there exists i ∈ {0, . . . , n−1} such that Pi(αj)Pi(αj+1) < 0. In
this case, again by the intermediate value theorem, we have Pi(xj) = 0. By the de�nition
of a Sturm sequence, we have Pi−1(xj)Pi+1(xj) < 0. If Pi−1(xj) < 0 then Pi−1 < 0 on
[αj , αj+1], because xj is the only possible root for Pi−1 in [αj , αj+1], so Pi−1 cannot change
sign on that interval. Likewise, Pi+1 has the same sign on [αj , αj+1] as it does at xj . Proceeding
similarly when Pi−1(xj) > 0, we arrive at the following possibilities for the sign sequences of
Pi−1(αj)Pi(αj)Pi+1(αj) and Pi−1(αj+1)Pi(αj+1)Pi+1(αj+1):

Pi(αj) < 0 Pi(αj) > 0
Pi−1(xj) < 0 −−+ −++
Pi−1(xj) > 0 +−− ++−

(a) Sign sequence at αj

Pi(αj) < 0 Pi(αj) > 0
Pi−1(xj) < 0 −++ −−+
Pi−1(xj) > 0 + +− +−−

(b) Sign sequence at αj+1

Since sign sequences located in cells of the two tables corresponding to the same case have
the same number of sign changes, equal to 1, we see that ν(αj)− ν(αj+1) = 0.

We deduce from the previous result, this important result:

Corollary 4.34. Let (k,≤) be an ordered �eld and let L1, L2 be real-closed, orderable extensions
of k. Let P ∈ k[t] be an irreducible polynomial over k. Then P has the same number of roots in
L1 as it does in L2.
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Proof. For a polynomial Q = cnt
n + cn−1t

n−1 + . . .+ c0 ∈ k[t] with cn ̸= 0, the roots of Q in an
ordered real-closed extension L of k are bounded by

M = 1 +

∣∣∣∣cn−1

cn

∣∣∣∣
L

+ . . .+

∣∣∣∣ c0cn
∣∣∣∣
L

= 1 +

∣∣∣∣cn−1

cn

∣∣∣∣
k

+ . . .+

∣∣∣∣ c0cn
∣∣∣∣
k

.

Note that M is independent from L. So given P ∈ k[t] irreducible and the associated Sturm
sequence (P0, P1, . . . , Pn), there exists M ∈ k such that all roots of all Pi's in L are contained
in the interval [−M,M ] ⊆ L. Since char k = 0, P is separable, by 4.33 the number of
roots of P in [−M,M ] ⊆ L is equal to ν(−M) − ν(M). Since ±M ∈ k, all Pi ∈ k[t] and
the ordering of L extends the one of k, the number of sign changes ν(±M) in the sequences
(P0(−M), P1(−M), . . . , Pn(−M)) and (P0(M), P1(M), . . . , Pn(M)) does not depend on L.

Remark 4.35. (i) In particular, if P ∈ k[t] is an arbitrary polynomial, then if P has a root
in a real-closed extension L of k, then it has a root in all real-closed extensions of k.

A polynomial with coe�cients in an ordered �eld (k,≤) might not have roots in any real-
closed extensions of k.

(ii) There is a proof of Sturm's algorithm that does not require P to be separable. As a
consequence 4.34 holds for all P ∈ k[t], not only the irreducible ones.

4.5 Real closures

Proposition 4.36. Let k be a real �eld. Then there exists a real-closed algebraic orderable
extension kr of k.

Proof. Let k be an algebraic closure of k and E be the set of intermediate extensions k ⊆ L ⊆ k
such that L is real and algebraic over k. E ̸= ∅ since k ∈ E. De�ne L1 < L2 on E if and only if
L1 ⊆ L2 and L2/L1 is ordered, i.e. the order relation on L1 coincides with the on induced by L2.
Then every totally ordered familiy (Ei)i∈I has an upper bound, namely

⋃
i∈I Ei. By Zorn, E has

a maximal element, which we denote by kr and which is an algebraic extension of k. Such a kr

is real-closed, because otherwise it would admit a proper real algebraic extension contradicting
the maximality of kr as a real algebraic extension of k.

De�nition 4.37. A real-closed real algebraic extension of a real �eld k is called a real closure
of k.

Remark 4.38. By the construction in the proof of 4.36, a real closure of a real �eld k can
be chosen as a sub�eld kr of an algebraic closure of k. Since kr[i] is algebraically closed and
algebraic over kr, so also over k, it follows kr[i] = k.

Proposition 4.39. Let k be a real �eld and L be a real-closed extension of k. Let k
L
be the

relative algebraic closure of k in L, i.e.

k
L
= {x ∈ L | x algebraic over k}.

Then k
L
is a real closure of k.

Proof. It is immediate that k
L
is a real algebraic extension of k. Let x ∈ kL. Then x or −x

is a square in L, since L is real-closed. Without loss of generality, assume that x ∈ L[2]. Then

t2 − x ∈ kL[t] has a root in L. Since this root is algebraic over k
L
, hence over k, it belongs to

k
L
. Thus x is in fact a square in k

L
. By the same argument every polynomial of odd degree has

a root in k
L
.

Example 4.40. (i) QR
= QC∩R is a real closure of Q. In particular, QC

= QR
[i] as sub�elds

of C.
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(ii) Consider the real �eld k = R(t) and the real-closed extension

R̂(t) =
⋃
q>0

R((tt/q)).

Then the sub�eld R(t)
R̂(t)

, consisting of all those real Puiseux series that are algebraic over
R(t), is a real closure of R(t).
The �eld of real Puiseux series itself is a real closure of the �eld R((t)) of real formal
Laurent series.

Lemma 4.41. Let L1, L2 be real-closed �elds and let φ : L1 → L2 be a homomorphism of �elds.
Then φ is compatible with the canonical orderings of L1 and L2.

Proof. It su�ces to prove that x ≥L1
0 implies φ(x) ≥L2

0 for all x ∈ L1. This follows from the
fact that in a real-closed �eld L, for all x ∈ L, x ≥ 0 if and only if x is a square.

If k is a real �eld and kr is a real closure of k, then k inherits an ordering from kr. However,
di�erent real closures may induce di�erent orderings on k, as the next example shows.

Example 4.42. Let k = Q(t). This is a real �eld, since Q is real. Since π is transcendental over
Q, we can embed Q(t) in R by sending t to π.

i1 : Q(t)
≃
↪−→ Q(π) ⊆ R.

Since R is real-closed, the relative algebraic closure i1(Q(t))R is a real closure of i1(Q(t)).

We can also embed Q(t) in the �eld R̂(t) of real Puiseux series via a homomorphism i2 and

then i2(Q(t))
R̂(t)

is a real closure of i2(Q(t)). However, the ordering on i1(Q(t))
R
is Archimedean,

because it is a sub�eld of R, while the ordering on i2(Q(t))
R̂(t)

is not Archimedean (it contains
in�nitesimal elements, such as t for instance).

The �elds i1(Q(t))
R
and i2(Q(t))

R̂(t)
cannot be isomorphic as �elds. Indeed, when two real-

closed �elds L1, L2 are isomorphic as �elds, then they are isomorphic as ordered �elds, since
positivity on a real closed �eld is de�ned by the condition of being a square, which is preserved
under isomorphisms of �elds.

Lemma 4.43. Let (k,≤) be an ordered �eld, L/k an orderable real-closed extension of k and
φ : k → L a morphism of k-algebras. If E/k is a �nite, real extension of k, then φ admits a
continuation, i.e. a morphism of k-algebras φ′ such that the following diagram commutes:

k L

E

φ

φ′
.

Proof. Since k is perfect, E/k is separable. Moreover E/k is �nite, thus by the primitive element
theorem, E = k[a] for a ∈ E. Let P ∈ k[t] be the minimal polynomial of a over k. Let Er be
an orderable real-closure of E. Thus Er is a real-closed extension of k that contains a root of P .
By 4.34, P has a root b ∈ L. Now de�ne ψ : k[t]→ L by t 7→ b and ψ|k = φ. Since b is a root of
P , ψ factors through E = k[a] = k/(P ) and gives φ′ : E → L.

Theorem 4.44. Let (k,≤) be an ordered �eld and kr be a real closure of k that extends the
ordering of k. Let L be a orderable real-closed extension of k. Then there exists a unique
homomorphism of k-algebras kr → L.
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Proof. Uniqueness: Let φ : kr → L be a homomorphism of k-algebras and a ∈ kr. Since a is
algebraic over k, it has a minimal polynomial P ∈ k[t] over k. Denote by a1 ≤ . . . ≤ an the roots
of P in kr. Since the characteristic of k is 0, k is perfect, in particular the irreducible polynomial
P is separable and thus a1 < . . . < an. Now there exists a unique 1, . . . , n such that a = aj . By
4.34, the polynomial P also has n distinct roots b1 < . . . < bn in the real-closed �eld L. Since φ
sends roots of P in kr to roots of P in L, there is a permutation σ ∈ Sn such that φ(ai) = bσ(i).
By 4.41, φ respects the ordering of the roots and thus σ = id and φ(a) = φ(aj) = bj .

Existence: Consider the set F of all pairs (E,ψ) where k ⊆ E ⊆ kr is a subextension of kr/k
and ψ : E → L is a homomorphism of k-algebras. Since (k, k ↪−→ L) ∈ F , F ≠ ∅. De�ne an
inductive ordering on F by (E,ψ) ≤ (E′, ψ) if there is a commutative diagram

E′

E L

ψ′

ψ

in the category of k-algebras. Then by Zorn, the set F admits a maximal element (E,ψ). E
is real-closed, otherwise it admits a �nite real extension E′ of E. In particular E′ ⊆ kr. Since
L is real-closed, ψ : E → L admits a continuation ψ′ : E′ → L by 4.43. Thus (E,ψ) < (E′, ψ′)
contradicting the maximality of (E,ψ). Hence E is real-closed and kr/E is real algebraic, thus
E = kr. So ψ is a homomorphism of k-algebras from kr to L.

Corollary 4.45. Let (k,≤) be an ordered �eld. If kr1 and kr2 are real closures of k whose
canonical orderings are compatible with that of k, then there exists a unique isomorphism of

k-algebras kr1
≃−→ kr2.

Proof. By 4.44 there exist unique homomorphisms of k-algebras φ : kr1 → kr2 and ψ : kr2 → kr1.
Then ψ ◦ φ and idkr1 are homomorphisms kr1 → kr1 of k-algebras. By uniqueness in 4.44, ψ ◦ φ =
idkr1 . Similarly, φ ◦ ψ = idkr2 .

Remark 4.46. Contrary to the situation of algebraic closures of a �eld k, for ordered �elds (k,≤)
there is a well-de�ned notion of the real closure of k whose canonical ordering is compatible with
that of k. As shown by 4.42, it is necessary to �x an ordering of the real �eld k to get the
existence of an isomorphism of �elds between two orderable real closures of k.

Corollary 4.47. Let (k,≤) be an ordered �eld and let kr be the real closure of k. Then kr has
no non-trivial k-automorphism.

Proof. Take kr1 = kr2 in 4.45.

4.6 The real Nullstellensatz

When k is algebraically closed, Hilbert's Nullstellensatz implies I(Vkn(I)) =
√
I for all ideal

I ⊆ k[T1, . . . , Tn]. In this section we try to compute I(Vkn(I)) when k is a real-closed �eld.

De�nition 4.48. Let (k,≤) be an ordered �eld and let A be a commutative k-algebra with
unit. A is called a real algebra if it satis�es the following condition: If λ1, . . . , λr > 0 in k and
a1, . . . , ar ∈ A satisfy

r∑
j=1

λja
2
j = 0,

then aj = 0 for all j. An ideal I ⊆ A is called a real ideal if A/I is a real algebra.

Proposition 4.49. Let (k,≤) be an ordered �eld, L/k an orderable extension and Z ⊆ Ln be a
subset. Then the ideal Ik(Z) ⊆ k[T1, . . . , Tn] is a real ideal.



4.6. THE REAL NULLSTELLENSATZ 59

Proof. If Z = ∅, then Ik(Z) = Ik(∅) = k[T1, . . . , Tn] is a real ideal. Now assume Z ̸= ∅. In this
case, if P1, . . . , Pr ∈ k[T1, . . . , Tn] and λ1, . . . , λr > 0 in k are such that

∑r
j=1 λjP

2
j ∈ Ik(Z),

then for all x ∈ Z,
∑r
j=1 λjP

2
j (x) = 0 in L. Since L/k is orderable and λj > 0 in k, and thus in

L, for all j, this implies that for all j, Pj(x) = 0, i.e. Pj ∈ Ik(Z).

Recall that if k is an arbitrary �eld and I ⊊ k[T1, . . . , Tn] is a proper ideal, then �nding a
common zero x ∈ Ln to all polynomials P ∈ I for some extension L of k is equivalent to �nding
a homomorphism of k-algebras

φ : k[T1, . . . , Tn]/I −→ L.

Indeed, the correspondence is obtained by sending such a φ to x = (x1, . . . , xn) where xi =
φ(Ti mod I). The basic result should be about giving su�cient conditions for such homomorphisms
to exist.

Theorem 4.50 (Real Nullstellensatz I). Let (k,≤) be an ordered �eld and let k(r) be the real
closure of k. Let I ⊆ k[T1, . . . , Tn] be a proper real ideal. Then there exists a homomorphism of
k-algebras

k[T1, . . . , Tn]/I −→ k(r).

In particular, Vk(r)(I) ̸= ∅.

The idea of the proof of 4.50 is the following:

1. Show that there is a real-closed orderable extension L of k for which there exists a homomorpism
of k-algebras

φL : k[T1, . . . , Tn]/I −→ L.

2. Next, show that this implies the existence of a homomorphism of k-algebras

φ : k[T1, . . . , Tn]/I −→ k(r).

Lemma 4.51. Let k be a real-closed �eld, A a k-algebra and m ⊆ A a maximal ideal. Then
A/m is real as a k-algebra if and only if it is real as a �eld.

Proof. Since k is real-closed, all positive elements in k are squares. Thus m is real if and only
if for all ai ∈ A such that

∑r
i=1 a

2
i ∈ m, it follows that ai ∈ m for i ∈ {1, . . . , r}. Reading this

equation in A/m gives the result.

If I in 4.50 was maximal, then we can just take L to be a real closure of the real �eld
k[T1, . . . , Tn]/I. Note, however, that in order to get an orderable real-closed extension L/k, we
would also have to de�ne an ordering of k[T1, . . . , Tn]/I extending the one of k.

In any case it is not clear that there exists a maximal ideal m ⊃ I that is real. To remedy
the situation, we observe the following:

Lemma 4.52. Let (k,≤) be an ordered �eld, A a k-algebra and I ⊆ A be a real ideal. Then√
I = I. Moreover if A is noetherian and p ⊃ I is a minimal prime ideal containing I, then p is

real.

Proof. For the �rst part take a ∈
√
I. Then there exists a minimal m ≥ 1 such that am ∈ I. If

m = 2l then a2l = (al)2 ∈ I. Since I is real, this implies that al ∈ I with l < m, contradicting
the minimality of m. So m = 2l + 1 for some l ≥ 0. If l = 0, we are done. Otherwise if l ≥ 1,

then
(
al+1

)2
= a2l+2 = a(a2l+1) ∈ I. Since I is real, this implies that al+1 ∈ I with l + 1 < m,

again contradicting the minimality of m.
For the second part, assume that A is noetherian. Then there are �nitely many minimal

prime ideals and
I =
√
I = p1 ∩ . . . ∩ pr
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where the pi ⊃ I are the minimal prime ideals containing I. We need to show that every pi is real.
To simplify the notation, we show that p1 is real. Let a1, . . . , am ∈ A such that a21+. . .+a

2
m ∈ p1.

Since for all j ̸= 1, p1 ̸⊂ pj , there exists for all j > 1 an element bj ∈ pj \ p1. Set b =
∏r
j=2 bj .

Then b ∈ p2 ∩ . . . ∩ pr and since p1 is prime, b ̸∈ p1. But

(a1b)
2 + . . .+ (amb)

2 = (a21 + . . .+ a2m)b2 ∈ p1 ∩ . . . ∩ pr =
√
I = I.

Since I is real, it follows that ajb ∈ I ⊆ p1. Since b ̸∈ p1 and p1 is prime, aj ∈ p1 for all j.

To complete step 1 in the proof of 4.50, we can choose a minimal prime ideal p ⊃ I and
consider its fraction �eld

K = Frac (k[T1, . . . , Tn]/p) .

We need to assure that K/k is a real orderable extension.

Lemma 4.53. Let (k,≤) be an ordered �eld, A be a k-algebra and p ⊆ A be a prime ideal. Then
the fraction �eld

K := Frac (A/p)

is a real orderable extension of k if and only if the prime ideal p is real.

Proof. (⇐): Let p be real and let ai, bi ∈ A, bi ̸∈ p and 0 < λi ∈ k such that

r∑
i=1

λi

(
ai
bi

)2

= 0 (4.3)

This equation implies that

r∑
i=1

λi

ai∏
j ̸=i

bj

2

=

r∏
j=1

b2j

r∑
i=1

λi
a2i
b2i

= 0

in K = Frac(A/p), so

r∑
i=1

λi

ai∏
j ̸=i

bj

2

∈ p.

Since p is real, it follows that ai
∏
j ̸=i bj ∈ p. Moreover bj ̸∈ p for all j and p is prime, so ai ∈ p,

thus ai
bi

= 0 ∈ K = Frac(A/p) for all i. This shows that every positive de�nite quadratic form
over k, is anisotropic over L. By 4.26, the claim follows.

(⇒): Assume that λi > 0 in k and
∑r
i=1 λia

2
i ∈ p for some ai ∈ A. Then

r∑
i=1

λi
a2i
12

= 0

in K = Frac (A/p). Since λi > 0 in K, this implies ai
1 = 0 in K and therefore ai = 0 in A/p for

all i.

Proof of 4.50. Choose a minimal prime ideal p containing I and denote byK = Frac (k[T1, . . . , Tn]/p).
By 4.53, we know that K/k is an orderable extension of �elds. Let L be the real closure of K.
Since L/K and K/k are orderable, it follows that L/k is orderable and we have a canonical
morphism of k-algebras φL : k[T1, . . . , Tn]/I → L given by the composition of the canonical
morphisms,

k[T1, . . . , Tn]/I → k[T1, . . . , Tn]/p ↪−→ Frac (k[T1, . . . , Tn]/p) = K ↪−→ L.

This �nishes step one of the strategy outlined above. For step two, let xi := φL(Ti). These

elements generate a sub-extension k ↪−→ k(x1, . . . , xn) ⊆ L, containing im φL. Denote by k
L
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the algebraic closure of k in L. Since L is real-closed and L/k is orderable, we know that

k
L
is an orderable real-closure of the ordered �eld (k,≤). So by 4.45 there exists a (unique)

homomorphism of k-algebras k(r) ≃ k
L
. Thus, to conclude, it su�ces to show that there exists

a homomorphism of k-algebras im φL → k
L
.

Recall that im φL ⊆ k(x1, . . . , xn) and the latter is a real �eld because it is a sub�eld of the

real �eld L. In particular, if all xi are algebraic over k, then k(x1, . . . , xn) ⊆ k
L
and we are done.

Otherwise, write

k(x1, . . . , xn) = k(t1, . . . , tr)[y1, . . . , ys]

with each ti ∈ L transcendental over k and each yj ∈ L algebraic over k(t1, . . . , tr). By
construction r + s = n and we may assume that φL(Ti) = ti for 1 ≤ i ≤ r and φL(Tr+j) = yj
for 1 ≤ j ≤ s. Since k is ordered, char k = 0 so by the primitive element theorem, there exists
y ∈ L algebraic over k(t1, . . . , tr) such that

k(t1, . . . , tr)[y1, . . . , ys] = k(t1, . . . , tr)[y] ⊆ L.

Denote by P ∈ k(t1, . . . , tr)[T ] the minimal polynomial of y over k(t1, . . . , tr). Then

P = Tm +
fm−1

gm−1
Tm−1 + . . .+

f0
g0

for some polyomials fi, gi ∈ k[t1, . . . , tr]. Let h :=
∏

0≤i≤m−1 gi ∈ k[t1, . . . , tr]. Then h ̸= 0

in k[t1, . . . , tr] and y is integral over k[t1, . . . , tr]
[
1
h

]
⊆ L. Since h ̸= 0 and k is in�nite, there

are elements a1, . . . , ar ∈ k such that h(a1, . . . , ar) ̸= 0, in particular gi(a1, . . . , ar) ̸= 0 for all
0 ≤ i ≤ m− 1. Consider the polynomial

Pa = Tm +
fm−1(a1, . . . , ar)

gm−1(a1, . . . , ar)
Tm−1 + . . .+

f0(a1, . . . , ar)

g0(a1, . . . , ar)
∈ k[T ].

Since P (y) = 0 in k(t1, . . . , tr), it follows that Pa(y) = 0 in k. Thus y is algebraic over k and

y ∈ kL.
By the universal properties of k[t1, . . . , tr]

[
1
h

]
and k[t1, . . . , tr,

1
h ][T ]/(P ), we can de�ne a

morphism of k-algebras

k

[
t1, . . . , tr,

1

h

]
[y] ≃ k

[
t1, . . . , tr,

1

h

]
[T ]/(P ) −→ k

L

by setting ti 7→ ai for all 1 ≤ i ≤ r and T 7→ y. Since im φL ⊆ k
[
t1, . . . , tr,

1
h

]
[y], this concludes

the proof.

Remark 4.54. We have shown that if I ⊆ k[T1, . . . , Tn] is a real ideal and there is a morphism

k[T1, . . . , Tn]/I → L

where L is a real-closed orderable extension of k, then there is a morphism of k-algebras

k[T1, . . . , Tn]/I → k
L
.

We can now deduce from 4.50 the other version of the real Nullstellensatz, starting with a
question asked at the beginning of this section.

Theorem 4.55 (Real Nullstellensatz II). Let (k,≤) be an ordered �eld and let I ⊊ k[T1, . . . , Tn]
be a proper ideal. Then Ik(V(k(r))n(I)) = I if and only if I is a real ideal.
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Proof. Let L := k(r) and assume that I = Ik(VLn(I)). Then by 4.49 I is a real ideal. Conversely,
assume that I is real. We know that I ⊆ Ik(VLn(I)) and we want to show that this is an equality.
Let P ∈ k[T1, . . . , Tn] \ I. Then we need to show that P ̸∈ Ik(VLn(I)). Write I = p1 ∩ . . . ∩ pr
with pairwise distinct minimal prime ideals pi containing I. Since P ̸∈ I, we may assume that
P ̸∈ p1. By 4.52, p1 is a real ideal. Denote by B the integral domain k[T1, . . . , Tn]/p1. By 4.53 the
fraction �eld Frac(B) is an orderable extension of k. Since P ̸∈ p1, the element P1 = P mod p1
is nonzero in B, so we have inclusions

B ⊆ B
[
1

P1

]
⊆ Frac(B).

Since Frac(B)/k is orderable, B
[

1
P1

]
is a real k-algebra. Moreover B is nonzero and �nitely

generated over k, since

B

[
1

P1

]
= (k[T1, . . . , Tn]/p1)

[
1

P1

]
≃ k [T1, . . . , Tn, 1/P1] /p1 [1/P1] .

Thus 4.50 provides a k-algebra homomorphism φ : B
[

1
P1

]
−→ L. Pre-composing φ with the

canonical morphism
k[T1, . . . , Tn]/I −→ k[T1, . . . , Tn]/p1

induces a morphism k[T1, . . . , Tn] → L sending (T1, . . . , Tn) to some a = (a1, . . . , an) ∈ Ln and
1
P1

to a well-de�ned element 1
P1(a)

in L. So P (a) = P1(a) ̸= 0 in L and, since I ⊆ p1, we have

that Q(a) = 0 for all Q ∈ I. So a ∈ VLn(I) and therefore P ̸∈ Ik(VLn(I)).

Corollary 4.56. Let (k,≤) be an ordered �eld and k(r) its real closure. The maps I 7→ Vk(r)(I)
and Z 7→ Ik(Z) induce a bijection{

k-algebraic subsets of
(
k(r)

)n }
←→

{
real ideals of k[T1, . . . , Tn]

}
.

Corollary 4.57. Let (k,≤) be an ordered �eld and k(r) its real closure. For all ideal I ⊆
k[T1, . . . , Tn], we have V(k(r))n(I) ̸= ∅ if and only if I is proper and real.

Proof. If V(k(r))n(I) = ∅ and I real, then by 4.55

I = Ik(V(k(r))n(I)) = Ik(∅) = k[T1, . . . , Tn].

The converse is ??.

Remark 4.58. It is also true that real Nullstellensatz II implies real Nullstellensatz I. Indeed,
if I ⊊ k[T1, . . . , Tn] is a real proper ideal, by the if-part of 4.57 Vk(r)(I) ̸= ∅. Moreover any
a ∈ V(kr)n(I) ⊆ kn de�nes an evaluation morphism of k-algebras

k[T1, . . . , Tn]/I −→ k(r)

P mod I 7−→ P (a).
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4.7 The real-radical of an ideal

Let (k,≤) be an ordered �eld. In this section, we wish to understand Ik(V(k(r))n(I)) for arbitrary
ideal I ⊆ k[T1, . . . , Tn].

Proposition 4.59. Let (k,≤) be an ordered �eld and I ⊆ k[T1, . . . , Tn] an ideal. Then Ik(V(k(r))n(I))
is the smallest real ideal containg I.

Proof. By 4.49, Ik(V(k(r))n(I)) is real. If J is a real ideal containing I, then by the real
Nullstellensatz II (4.55) we have Ik(V(k(r))n(I)) ⊆ Ik(V(k(r))n(J)) = J .

Let I ⊆ k[T1, . . . , Tn] be an ideal. Since Ik(V(k(r))n(I)) is real, if Q0, . . . , Ql ∈ k[T1, . . . , Tn]
satisfy Q2

0 + . . . + Q2
l ∈ Ik(V(k(r))n(I)), then Qj ∈ Ik(V(k(r))n(I)) for all j. In particular, Q0 ∈

Ik(V(k(r))n(I)). Since real ideals are radical, if Q0 = Pm with m ≥ 1, then P ∈ Ik(V(k(r))n(I)).
In other words, to prove that a given polynomial P ∈ k[T1, . . . , Tn] belongs to Ik(V(k(r))n(I)), it
su�ces to show that there is m ≥ 1 and Q1, . . . , Ql ∈ k[T1, . . . , Tn] such that

P 2m +Q2
1 + . . .+Q2

l ∈ Ik(V(k(r))n(I)).

This observation motivates the following de�nition:

De�nition 4.60. Let A be a ring and I ⊆ A an ideal. The real-radical of I is the set

r
√
I :=

{
P ∈ A | ∃m ≥ 1, Q1, . . . , Ql ∈ A such that P 2m +Q2

1 + . . .+Q2
l ∈ I

}
.

Remark 4.61. (i) Taking Q1 = . . . = Ql = 0, we see that I ⊆ r
√
I.

(ii) If (k,≤) is an ordered �eld and I ⊆ k[T1, . . . , Tn] an ideal, then by the observation above,
one has r

√
I ⊆ Ik(V(k(r))n(I)).

Lemma 4.62. Let A be a ring and I ⊆ A a real ideal. Then r
√
I = I.

Proof. It su�ces to show that r
√
I ⊆ I. Suppose that P ∈ r

√
I. Then there exist m ≥ 1 and

Q1, . . . , Ql such that
P 2m +Q2

1 + . . .+Q2
l ∈ I.

Since I is real, this implies in particular that Pm ∈ I. By 4.52, I is radical so P ∈ I.

Proposition 4.63. Let A be a ring. Then

r
√
(0) =

⋂
p⊆A prime and real

p.

Proof. Let E := {p ⊆ A | p is prime and real} and let P 2m + Q2
1 + . . . + Q2

l = 0 for P,Qi ∈ A.
Since 0 ∈ p for all p ∈ E, we obtain P ∈ r

√
p

4.62
= p. Conversely, let s ∈ A \ r

√
I. We need to show

that there exists p ∈ E, such that s ̸∈ p. Consider the set Es := {I ⊆ A ideal | s ̸∈ r
√
I}. The

set Es is non-empty, since s ̸∈ r
√
(0). Es admits an inductive order de�ned by inclusion, so by

Zorn, there exists a maximal element J ∈ Es. In particular, s ̸∈ r
√
J .

This J is prime, since otherwise there exists a1, a2 ∈ A\J such that a1a2 ∈ J . So J ⊊ J+(a1)
and J ⊊ J +(a2). By maximality of J in Es, we have s ∈ r

√
J + (a1) and s ∈ r

√
J + (a2). Hence

there exist m1,m2 and (fi)1≤i≤l1 and (gj)1≤j≤l2 in A such that

s2m1 + f21 + . . .+ f2l1 = x1 + a1b1

and

s2m2 + g21 + . . .+ g2l2 = x2 + a2b2
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for some x1, x2 ∈ J and b1, b2 ∈ A. Multiplying these two equations gives

s2(m1+m2) + sum of squares = x1x2 + x1a2b2 + x2a1b1 + a1a2b1b2︸ ︷︷ ︸
∈J

,

so s ∈ r
√
J . Contradiction to J ∈ Es.

J is real. Otherwise, there are a0, . . . , am ∈ A such that a20 + . . .+ a2m ∈ J , but a0 ̸∈ J . This
implies a0 ∈ r

√
J \ J . Since s ̸∈ r

√
J by construction of J , we have J ⊊ r

√
J ∈ Es contradicting

the maximality of J .

Corollary 4.64. Let A be a commutative ring and I ⊆ A an ideal. Then

r
√
I =

⋂
p⊂I prime and real in A

p.

In particular, r
√
I is a real ideal and it is the smallest real ideal containing I.

Proof. For the �rst part, one applies 4.63 to A/I. For the second part, observe that r
√
I is

real since it is the intersection of real ideals. Secondly, if J is a real ideal containing I, then
r
√
I ⊆ r
√
J

4.62
= J .

Corollary 4.65 (Real Nullstellensatz III). Let (k,≤) be an ordered �eld, k(r) its real closure
and I ⊆ k[T1, . . . , Tn] an ideal. Then

Ik(V(k(r))n(I)) =
r
√
I.

Proof. Direct consequence of 4.59 and 4.64.

Remark 4.66. The real Nullstellensatz III also implies the real Nullstellensatz II. Indeed, if
I ⊆ k[T1, . . . , Tn] is an ideal, then by 4.65: Ik(V(k(r))n(I)) = I if and only if r

√
I = I. The latter

holds if and only if I is real.

Remark 4.67. There is another characterisation of the real-radical of an ideal I ⊆ A which is
given as follows:

r
√
I =

{
P ∈ A | ∃m ≥ 1, Q1, . . . , Ql ∈ A,Pm

(
1 +

l∑
i=1

Q2
i

)
∈ I

}
.
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